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Unit-I:
Pole, Polar - conjugate points and conjugate lines — diameters — conjugate

diameters of an ellipse - semi diameters- conjugate diameters of hyperbola.

1.1 polar and pole:
Definition:

A polar of a point with regard to a conic is the locus of a point of intersection
of tangents at the extremities of chords to that point. The point is called the pole of

locus.

Let P be any point inside (or) outside the conic. Draw any chord AB and A'B’
passing through P if a tangents to the conic at A and B meet at Q and the tangents to

the conic at A" and B’ meet at Q'. Then the line QQ' is called polar with P as its pole.

1.2 Conjugate points and conjugate lines:

It the polar of P with respect to a conic passes through Q, then the polar of Q

will passes through P and such points are said to be conjugate points.

If the pole of the line [, with respect to a conic lies on the another line [,, then
the pole of second line will lie on the first line and such lines are called conjugate

lines.

Definition:

If two points are such that the polar of one passes through the other, the points

are called conjugate points.

If two lines are such that the pole of each lies on the anther, the two lines are

called conjugate lines.
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2 2
1.2.1 The equation of the tangent to the ellipse % + Z—Z = 1 at the point (x4, y,)

on it.

Let P be the given point (x,,y;) and Q(x,, y,) be a point on the ellipse very

close to P.

The equation to PQ is

ey =22 ) ()

X1 — Xy

Since P and Q lie on the ellipse.

2 2 2
x1 Y1 Y2
—+ i =1 & — + bz =1
By subtraction,
xi—xi yi-yi 0
a? bz

(X1 +x2) (X1 —x2) _ (1 +y2)(v1 — ¥2)
a? B b?

. 3’1_3’2__b2_x1+x2
X1 — X2 a’ y1+y;

Substituting this value in the equation of PQ, we get,

(x—%x1) vveeen. (2)

When Q tends to P, in the limiting position the secant becomes the tangent at P

and y, becomes equal to y;.

Hence putting y, = y,the equation of the tangent at P becomes.
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"ZS' ) SHDDRID 2 2
xx1 Yy _ X1 Y1 _

Hence the equation of the tangent at (x;, y;) |s — + yyl = 1.

1.2.2. The chord of contact of tangent drawn from. (x,, y,) to the ellipse
2 2

X1, Y1 _

2 + i 1.

Let the points of contact of tangent drawn from the point (x,, y;) to the ellipse
be P(x2, y,) and Q(x3, y3).

The tangent at P is —= + yyz = 1.

It passes through (x4, y;)

X1X Y1y
;Zz_l_ll)_zzz 1 (D)

The tangent at Q is

XX3 YYV3 1
@ T
It passes through ( x;, y;)
X1X3  V1)3
2 12 =1 ......(2)

The equation (1) and (2) show that the co-ordinates ( x,, y,) and ( x5, y;) satisfy the

XX
equation —- + & = 1.

Hence P and Q lies on the line ==t + M = 1.

- The equation of PQ is —= + yyl = 1.
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2 2
1.2.3. The polar of the point ( x4, y;) with respect to the ellipse % + % = 1.

Let PQ be any chord passing through the point ( x;, y;) and let the tangents at
P, Q interest at (h, k).

The locus of (h, k) is the polar of ( x;,y;) , PQ is the chord of contact of

tangent drawn from the point (h, k).

-~ Its equation is

xh yk
2T =1
It passes through ( x;,v;)
xith ik
@ !
:~locus of (h, k) is == + > = 1, Which s the polar of the point ( x;, ).

Corollary:

The polar of the focus is the corresponding directrix co-ordinates of S are (ae, 0).
. x.ae
= polar of (ae,o0) is = 1
a

i.e.,x =

This is the equation of the directrix corresponding to the focus S.

1.2.4. The pole of the line Ix + my + n = 0 with respect to the ellipse

Let ( x,,y;) be the pole of the line Ix + my + n = 0.
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The polar of ( x4, y;) with respect to the ellipse is

X—X1 Y=

a? b? —1=0

This must be identical with Ix + my +n =0

a1
" a2l bm n

_ la? mb?
~ The pole is (— T )

n

1.2.5. The condition for the lines Ix + my +n = 0,l;x + m;y + n; = 0 to be

X2 y2
conjugate with respect to the elllpse — + —=1.

The pole of the line Ix + my + n = 0 with respect to the ellipse is
(-, meh)
n’ n

If it lies on the line [;x + m,;y + n; = 0, the two lines are conjugate.

_ya? ~ mm, b?

- +n; = 0.
(—)x= ll,a® + mm,;b? = nn,.
Example 1:
Chords of the ellipse Z—Z + —2 =1 touch — + B—z = 1. Find the locus of their
poles.
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Solution:

2

2
Let (x,,y,) be the pole of PQ, a chord of the ellipse Z—Z + Z_z = 1 which

2 2

y

touches the ellipse x— + = 52 = =1.
xZ 2
PQ is the polar of ( x;,v;) with respect to the elllpse — + —=1
The equation of PQ js -t + M =1.
b%x, b?
LYy = — X+ —
a’y; Y1
x2 2
It touches the elllpse — + F = 1.
b* b*x?
— = (12. 1 + ,82
Vi a43’1

(i.e.,) x?a’b* + yip%a* = a*b*

2 2 22
X1a yipP

+ a*b* > - + x = 1.
Another method:
Let (x,,y,) be middle point,
xx1 YV _ yi
bz a2 + b2
NES +y1 b? b?%x,
Y= a? b2 3’1 a23’1.x
y=mx-+c¢
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2
Condition for line y = mx + ¢ touches ellipse a— + F = 1isc? = a’?m? + B2

2 b2 _b2 2
x_1+y_1 = aZ xl +,82
a? = b? 3’1 ay,

2 2\ 2 4 2
X1 Vi . X1 2 V1
”( +m>—“ﬁ+ﬁﬁ

Locus of (x;,y;) IS

2
2 , y xZ y2
pril el A

202 2 2
y°p x° y
p b =1 Since a_+b_2=1
~ Locus of (xq,y,) 1S
x2 o2 202
i LYBT
a b*

Example 2:

A chord PQ of an ellipse subtends a right angle at the centre of the ellipse.
Show that the locus of intersection of the tangents at P and Q is the ellipse

x2 2

y: 1 1
it et
Solution:

Let the tangent at P and Q intersect at ( x,,y;), PQ is the chord of contact of
tangent drawn from ( x4, y;).

~ PQis —+%=1

C is the centre of the ellipse and also the origin of co-ordinates.

The combined equation of CP and CQ is
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PQ subtends an angle 90° at C.
= Coefficient of x? + coefficient of y2 = 0

1 x12 1 yi
a? a* b2 b4=

xt oy 1 1

Locus of (x4,y;) IS

Example 3:
Show that the conjugate lines through a focus of an ellipse are at right angles.
Solution:

Let the conjugate linesbe lx + my +n=0,& Lix + myy+n; =0........(1)

] ] ) ) xZ 2
Since they are conjugate lines to the ellipse = + Z_Z = 1.

~oatlly + b*mmy =nn;, ... (2)
Given conjugate lines passes through focus (ae, 0)
Substitute, x = ae,y = 0 in (1)
(1)= lae+0+n=0 ; Liae+n, =0

= lae = —n ; Lae = —ny
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Substitute in equation (2)
= a’ll; + b*mm, = ll;a%e?

= a?ll; — ll;a%e? + b>mm,; =0
= a’ll;(1—e%)+ b*mm,; =0

= a’ll; + b*mm; =0

= b%(ll; +mm,) =0

Il +mm; =0
ll; = —mm,

1,

mm,

Ix+my+n=0&Lx+my+n,=0is—1

. The two lines are at right angles.

1.2.6. The equation of the pair of tangents drawn from the point (x4, y,;) to the

2 2
. X yo
ellipse ) + o 1.

The equation of any line passing through the point (x,,y;) is of the form

X — X :y—J’1 _
cos @ sin 6

X =x,+rcosf

y=y;+ rsinf

13
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If this point lies on the ellipse,

(x; +rcos8)? (y, +rsin 6)?
2 + =1
a b?

_ cos? 8 sin?6 x,co0s@ y;sinf\ x% y?
(l.€.,)7"2< e + 12 >+2r< p + 2 )+E+b_2_1=0 ..(2)

This equation in r gives two values r; and r, . If the line (1) meets the ellipse
at P and Q, then the length OP and OQ are the roots r;, r, of the equation (2)

If the line is a tangent to the ellipse, P and Q should coincide,
(i.e.,)ry=r,

Equation (2) should have equal roots.

X, cos 0 sin 6\ 2 x? 2 cos® 0 sin’6
(1 s )=<1+y1 1)( + ) ...... (3)

a? b2 a? b2 a? b2

From this equation we can find the directions of the tangents drawn to the

ellipse from (x4, ).

Eliminate 6 between the equations (1) & (3) and the resulting equation will be

the equation of the pair of tangents from (x;, y,).

{xl(x —x;) +y1(y—y1)}2 _ (xf y? >[(x—x1)2 Lo

a? b? ?-I_F_l a? b?

If we assume that
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then, the equation becomes,

(T-S5)*=8(5-2T+5,)

(l e.,) TZ = SSl

Corollary:

The equation of the directrix circle can also be found from this equation.

The combined equation of the pair of tangents drawn from the point (x,, y,) to
2

2
;+%=1is

. X
the ellipse

If the angle between the tangents is 90°,

Coefficient of x2 + coefficient of y2 = 0

i.e.,) xt +y% =a’*+ b?

=~ Locus of the point (x,,y,) is the circle

x% 4+ y? =a*+ b?

15
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Example 4:

2

2
+ % = 1 intercept on the x-axis a constant

A pair of tangents to the ellipse P
length c. Prove that the locus of the point of intersection is the curve

4y2(b2X2 + a2y2 _ aZbZ) — CZ(yZ _ b2)2.
Solution:

Let the tangents intersect at (x4, y,)

The combined equation of the tangents drawn from (x;, y,)is

x? y? xi | Y1 X1 Y \?
<;+b_2_1><;+ﬁ_1 =(?+?—1) ...(1)
The x-co-ordinates of the points,where these tangents meet the x-axis are got by

putting y = 0 in the equation.

From equation (1) subiny =0

Multiply by a?.

2 xZ 2
= x2<21—;—1>+2xx1—a2<a—12+2]—12>=0.

This equation is quadratic form ax? + bx +c =0
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Sum of the roots

a+p = — = £y
(3-1)
bZ
Product of the roots
2 2
(43
arﬁ = — = a
(1)
b
The intercept on the x-axis is constant c.
LCcC=a— ﬂ
¢? = (a~ B>
= (a—p)? —4ap
xZ 2
4x12 4‘a2 (a_12+:Z_12>
= 2 2
y N
(1)
2 2
X1, )1
(yf —b*)? (¥ —b*)

Multiply by (yf — b*)* =
2 2
ie.) c*(yf —b*)? = 4x{b* + 4a’b? (% + i—;) (yf —b?)

2 2

Since 4a%b? (% + Z—;) (y? — b?)
= 4x?y?b? — 4x?b* + 4y?a? — 4y?a®bh?

c*(yf —b*)? = 4yf (b*x7 + a’y{ — a®h?)

=~ Locus of (xq,y;) is the curve.

CZ(yZ —p?)? = 4y2(b2x2 + a2y2 — a?b?).

17
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1.2.7. The locus of the middle points of a series of parallel chords of an ellipse.

Let (x4, y,) be the mid point of one of the parallel chords. Then the equation of

g
a? b2

. XXq yy1 _
the chordsis —5~ + =5 =
Since the chords are parallel, their slopes are constant, say m.

b%x,

—— =
asy,

bZ

~ Locus of (xq,y;)isy = —

am”’

which is a straight line through the centre of the ellipse.

Thus, the locus of the middle points of the chords of the ellipse parallel to

bZ

y=mxistheliney = — T

If y = m,x bisects all chords parallel to y = mx

bZ

a’m

m1=_

b2
(i.e.,) mm, = — -

From the symmetry of this relation it is apparent that the diameter y = mx will

bisect chords parallel to y = m, x.

18
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1.3 Diameters:

1.4 Conjugate diameters of an ellipse:

Definition:

Two diameters are said to be conjugate to each other when one bisects chords

parallel to the other. Thus, the line y = mx, y = m,x are conjugate diameters of an

1.4.1. The tangents at the extremities of a diameter are parallel to the chords

bisected by the diameter.

Let the chords be parallel to the diameter y = mx (CQ).

2
Then the diameter bisecting those chords is y = m;x (CP) if mm,; = — %.
(85
K
P
Let P(x,,y,) be the extremity of this diameter.
Then yl = mlxl
. XXq Yy:1 __
The tangent at P is — + Sz = 1.
ble
= The slope of the tangent =7 2y,
b%x, b?
= — = — = m.
aimqx; azm,
=~ The tangent at P is parallel to the parallel chords.

19
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1.4.2. The tangents at the extremities of a chord will intersect on the diameter

bisecting the chord.

Let the equation of the chord be y = mx + ¢ ....(1) and the tangents at its

extremities intersect at (x;,y;)

= The chord of contact of tangent drawn from (x,, y,) to the ellipse is

XX1 YN
?-I_b_Z: 1....(2)

Equation (1) & (2) represent the same straight line.

Il m
FZR 7Y
b a?
] b2
(Ie) yl = — a2m 1
. ] b2
o (x5, 1) liesonthe liney = — —

This is the diameter which bisects all chords parallel to y = mx + c.

Example 5:
2 2

A tangent to the ellipse pr] + % = 1, whose centre is C meets the circle

x? +y?=a?+ b%at Qand Q. Prove that CQ and CQ' are conjugate diameter of the

ellipse.

Solution:

Any tangent to the ellipse is y = mx + Va?m? + b?

2 2

C is the centre of the ellipse — + % =1.

az

20
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=1
the circle.

KKKKK

=~ C is the origin and the tangent meets

x?+y?=a?+b*atQandQ’

= The combined equation of CQ and CQ’ is

—mx 2
x% +y? = (a® + b?) (—y )

2 2.2
y 2mxy mex
2 + 2 —_ 2 + bz —
Ty (a ) (azm2 +b%? a*m?+b?*? a*m?+ b2>
2 2 = y2(a? + b?) 2mxy(a® + b?) m?*x?(a® + b?)
Y= a’m? + b? a’m? + b? a’m? + b?
Y (a? + b?) N 2(a® + b?*)mxy 1 m?(a® + b?)
Y a’m? + b? a’m? + b? a’m? + b?

. )yZ[aZ(mz - 1] 2(a*®+ b*)mxy

x?[b*(1 — m?)]
a’m? + b2

a’m? + b?

=0
a’m? + b2

y?[a*(m? — 1)] + 2(a® + b*»)mxy + x?[b*(1 — m?)]

=0
a’m? + b?

= y%[a?(m? — 1)] + 2(a® + b*)mxy + x*[b*(1 —m?)] =0
+ a*(m? -1)

, 2@ +b)mxy x*[b*(1-m?)]
=z * a’(m? —1) a?(m?2-1)

2(a® + b®)mxy b?

= y? Z2=0.
Y a:(m?-1) azx

If the individual equation of the CQ and CQ’ are y — m,x = 0 and y — m,x = 0,then
from their combined equation, we get,

21
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EZ
KKKKK

sy—mx=0andy —m,x =0 a'r‘sé conjugate diameters.

~ CQ and CQ' are pair of conjugate diameters.

1.5 Semi diameters:

1.5.1 Properties of conjugate diameters:

(1) The eccentric angles of the ends of a pair of conjugate diameters differ by a

right angle.

Let 6 and @ be the eccentric angles of the extremities P and D of two conjugate

diameters.

bsin@ bsin®
and .
acos@ acos®

The slopes of CP and CD are

Slope of (CP) x slope of CD =

bsin® bsing® b?
acosf ‘acos® = a2
sin@sin® = —cos@ cos®

cosB cos@ +sinfBsind =0

cos(6—0)=0

0~@ = an odd multiple of g

22
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The co-ordinates of the extremities of two semi-conjugate diameters can

therefore be written as (a cos8,bsin @), (—a sind ,b cos ).

(2) The sum of the squares of two conjugate semi- diameters of an ellipse is

constant.

.. CP?% + CD? = a? + b? =constant.

(3) If p be the perpendicular on the tangent at P from the centre of an ellipse,

then p.CD = ab

(4) The tangents at the ends of a pair of conjugate diameters of an ellipse from a

parallelogram of constant area.

~ ™ EFGH = 4ab.

(5) The product of the focal distance of a point on an ellipse is equal to the square

of the semi-diameter which is conjugate to the diameter through the point.
SP =a—aecosf
S'P =a+ aecosb

.~ SP.S'P = CD?>.

Example 1:

" . . . x? 2
P and Q are extremities of two conjugate diameters of the ellipse P + Z—z =1landS

is a focus. Prove that PQ? — (SP — SQ)? = 2b2.

23
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Solution:
Let S be the focus on the positive side of the axis of x so that S is (ae, 0).

Let P be (acos@,bsin@),thenQis (-asind,b cosh).

Also, the focal distance SP = a — ae cos 6.
T
SQ =a—aecos(6 +E)

SQ =a+aesinf
Now, PQ? — (SP — SQ)?

P =(acosO,bsinf),Q = (-asinf,bcosH)

PQ =/ (xy — x2)? + (y1 — ¥2)?
PQ* = (acosf + asinf)?+ (bsinf — b cos H)?

PQ* — (SP - SQ)?
= (acos@ + asin@) 2+ (bsinf — b cos 8)?

—[a — aecos @ - a — ae sin 8]?
= a%cos?0 + 2asin 6 cos 6 + a’sin® 0 + b*sin*6 — 2b sin O cos 8 + b%cos?6

— [(—ae cos 8) + (—ae sin 6)]?

= a®(cos?0 + sin?0) + 2a?sin @ cos O + b?(sin?6 + cos?0) — 2b? sin O cos

— [a%e?sin?0 + 2a?e? sin 8 cos 8 + a?e?cos?0)].
= a?+ 2a?*sinf cos @ + b? — 2b?sin @ cos O — [a?e? + 2ae? sin O cos O]
=a? + b%? — a%e? + 2sin 0 cos O (a® — b? — a?e?)
= a?(1 —e?) + b? + 2sinf cos B (a’e? —a?e?)  (Since a® — b? = a?e?)
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= b? + b’

= 2b2.

Example 2:

Prove that the acute angle between two conjugates diameters of an ellipse is a maximum

when they are equal.
Solution:
Let CP, CD be two semi- conjugate diameters.

If P be (acos@,bsinb),
D is{acos(§+ 9),bsin(g+ 9)}

The slope of
b bsin @
" acos

The slope of

D — bsin(%+9) :_bCf)SQ
a cos (7+9) asing

The angle PCD= difference between the angles which the lines CP and CD

make with the x-axis.

Let the angle PCD be a.

m; —m;
tang = ——
1+mm,

bsin@  bcos®@

acosf asinf
bsin@ bcosé

" acosf asinf

tana =

25
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B pouis ‘

_ab (sin®6 + coszgs B ab
(a? — b?)sin O cos 6 (a2 — b?) Sin22 0

2ab
(a? — b?)sin 20

<« PCD will be a minimum when the variable part sin 20 in the denominator is

a maximum.

~ sin 20 = 1, which occurs when 20 = 7T/Z
(i.e.,)0 = 7T/4

. 2 2 2 2 . 2

S CP* = a’cos” ™[y + b*sin* T/,
=1/, +b?)

and CD? = a?sin®*™/, + b*cos* T/,
=1/, +b?)

~CP=CD
~ The minimum angle between the two conjugate diameters is then

2ab
a? — bz)'

tan! (

Example 3:

If P and Q are extremities of conjugate diameter of the ellipse, show that

. . . x2 2 1
(@) The locus of middle point of PD is = + = ==
a b 2

(b) The locus of the foot of the perpendicular on PD from the centre of the ellipse is

a’x? + b?y? = 2(x? + y?) and
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' . 2 2
(c) The locus of the point of intersection of the tangents at P and D is % + % = 2.

Solution:

Let (a cos 8, b sin 8) be the co-ordinates of P, so that (—a sin @, b cos 8)are
the co-ordinates of D.

(@) If (x4, y,) is the middle point of PD.

a
X =7 (cos@ —sin ) .... (1)

Yy, = g(sin 0 + cos0) ....(2)
The equation of the locus is found by eliminating 6 from (1) and (2) .
From (1), % = cosf —sinf ...(3)
From (2) , % =sin6 + cos O ...(4)

Squaring (3) & (4) and adding , we get

4x2 5 n -
?:cos 6 + sin“0 — 2cos B sinf
4b—yzlz=sin29+coszé?+2cosesin9
4a—lez+ 4b—yzlzz2(c0529+sin29)—2cost95in8+2cos€sin9
=~ Locus of (x4, y;) is z—i Z—lj = %
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(b) The eccentric angles of P and D are 9 and ”/2 +0
The equation of the line PD is
*/qcos(45°+ 0) + y/b sin(45° + 0) = cos 45°

The equation of the line perpendicular to the line PD passing through the

centre is

x sin(45° + 0) Y
b b

cos(45°+6) =0

If (x;,y,) is the foot of the perpendicular from C to PD,
X1 o V1 . o o
Zcos(45 +0) + ?sm(45 + 0) = cos45°...(1)

and

%sin(45° +0)— %cos(45° +0)=0..(2)

From (2), sin(45° + 0) = ﬂ cos(45° + 0).

X1

Substituting this in (1), we get,

X1/, cos(45° + 0) + yl/b - byl/ax1 cos(45° + 6) = cos 45°.

2 1
cos(45° + 0) {xl/a + yl/axl} = E

axy

cos(45°+ 0) _\/_(x )

. (3)

_ . b ax
sin(a5°+0) = o, o om)
1 1

by,

sin(45° + 9) = m

.. (4)
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Squaring (3) & (4) & adding, we get

a’x,? b2y,

+ = 1.
2(x% + y2)2  2(x2 + y2)?

> a%x,? + biy,? = 203 + 3}

~ Locus of (x;,y,) is

a2x2 + beZ — 2(x2 + y2)2

(c) The tangent of P and D are

X
—cos 6 +Xsin9 =1...(1)
a b

and —Zsinf +2cosf =1...(2)
a b

Let the intersecting point of the two tangents by (x;, y;)
Then

x
“Lcosh +&sin9 =1...(3)
a b

x
—fsine +%cos€ =1...(4)

Eliminate 6 from (3) & (4).

Squaring and adding (3) & (4) , we get;

X2 2
=+ A_2
a b?

=~ Locus of (xq,y,)is
x2 y2
2=

which is another similar and concentric ellipse.
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1.5.2 Equi-conjugate diameters:
Definition:

When two conjugate diameters are equal, they are called equi- conjugate

diameters.

Length of each equi-conjugate diameter = 2CP

1.6 Conjugate diameters of hyperbola:

1.6.1 Hyperbola:

A hyperbola is the locus of a point which moves so that its distance from a
fixed point (the focus) is e(> 1) times its distance from a fixed straight line (the

directrx)

1.6.2 Equation of hyperbola:

1.6.3 Conjugate Diameters:
2 2
y = mx and y = m,x are conjugate diameters of the hyperbola % ~L =1if

E:

mm, = Z—z and also that (1) chords parallel to the diameter will be bisected by the other
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diameter and (2) that the tangents at the extremities of one diameter are parallel to the

other diameter.

1.6.4 Properties of Conjugate Diameters:

(1) If a pair of diameters be conjugate with respect to a hyperbola, they will be

conjugate with respect to the conjugate hyperbola.

(2) If a diameter meets a hyperbola in real points, it will meet the conjugate
Phyperbola in imaginary points; and the conjugate diameters will meet the conjugate

hyperbola in real points.
= x =tatanf
y = *b secf.

~ The conjugate diameter meets the conjugate hyperbola in the points D
(atan@,bsecO), D'(—atan8,—b sin ) which is real.

(3) If a pair of conjugate diameters meet the hyperbola and its conjugate in P and
D, then

CP? —CD? = a* — b?.

(4) The parallelogram formed by the tangents at the extremities of conjugate

diameters has its vertices lying on the asymptotes and is of constant area.

=~ The area of the parallelogram KLMN = 4ab.
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Unit-11:
Polar coordinates: General polar equation of straight line — Polar equation of a
circle given a diameter, Equation of a straight line, circle, conic — Equation of chord,

tangent, normal.

2.1 Polar co-ordinates:

Still now we have discussed the system of Cartesian co-ordinates but there is

another system of co-ordinates which is of frequents use in A.G.

Let OB— fixed point, OA— fixed line through O.

The position of a point P can be determined by distance r from 0 and 0 angle of
OAP. The point O is called the pole OA the initial line, r the radius vector and 6 the

vectorial angle and (r, 8) the polar co-ordinates of the point P.
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2.2.1 Polar equation of the conic.

Let S be the focus and XM— Direction of the conic. Ant . Let a small e be the
eccentricity AS a initial SX and

Let P be a any point on the conic. It’s co-ordinate be (r, 0), so that SP = n and
angle XSP be 6. Draw PM and PN perpendicular respectively to directrix and to the

initial line.

Let LSL’ be the lactuos rectum of the conic and SL = [.

SP_r

=20 1
e W

e

SL SL l

e

[
SX =—.
e

NX =SX —SN
Here, in APSN,
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SN = rcos@

NX = (SX — rcos0)

From (1),
T
*=Nx

r
e=———
SX — rcosf

r
e = T X
(— — rcos@)

e

[

e (—— rcosB) =r
e

l—er cosO =r

l=7r+4ercosf

l=r(1+ecosh)
l
;=1+ec059 - (3)

Equation (3) is the required equation of general conic equation.
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a=E

''''''

2.3. Polar equation of a circle given a diameter:

Note:

If the axis SX of the conic makes an angle o with the initial line SA then SP

makes an angle (6 — «) with initial line, so that the equation of the conic will be

l
;=1+ecos(9—a)

2.4 Equation of a straight line, circle, conic:

2.4.1 Tracing the conic % =1+ e coso.

Case (i):

= | = r = The conic will be circle.

Case (ii):
e=1
[
— =1+ cosb
r

Let=0= £=1+1

If & 17 thenr TE’;Z and 6 127 then r l;’;z
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= Then conic will be a parabola

Case (iii):
0<e<l1
i=1+ecost9
s

l
" 1+ecos @

l .
O=m->r= T (maxi value of r)

l
0 =0 - r = — (minvalue of )
1+e

l —
If 0 17 then 7 1}/

/1
If 6 127 thenr lz?ﬁi

= The conic will be ellipse.

Case (iv):

e>1

%=1+ecos€

l l
T_1+ec059_1—e

6=cos (1) =r=0
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cos™

-1
Then 1f 0 1°° C /) then 15,

27 l/1+e
Ifo 1 ~1(-1/,) thenr 1

Ccos

The conic will be hyperbola.

Example 1:
Trace the curve 170 = 3co0s0 + 4sinf + 5.

Solution:
Given curve is 10/, = 3cos@ + 4sind + 5
~by5
2/ =1+ 3/5 cos 6 + 4/5 sin 6

Let cosa = 3/5 = sina = V1 —cos?a

= %25 =5

Hence Z/T =1+ cosfcosa+sinfsina
2/ =1+ cos(6 —a) whena = cos‘l(?’/s)

=~ 53°p’

Hence the curve is

Z/T =1+ cos(6 — a), a = 53°r'
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Here [ = 2,e = 1 then, the curve is parabola with its focus at the pole initial

2

point a is the angle between the initial line and axis ¥ = ——————
1+cos(f—a)

2
= —3 =
o=0=r 1+ cos(—a)
_ 2
"= 1+ cosa
2
_ 10, _5
r = = =
1+3/c /8="1a
2
0 =m,

r=1+COS(7T—CZ)

If Ais the vertex of the parabola, then AS =1

If L and L’ are the extremities of the lactus rectum then SL' = 2.

38

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



If the parabola meet at initial

line at P its extension in the opposite
direction at Q.

Then SP =5/, and $Q =5

From this we can get the shape of the curve.

Example 2:

Trace the curve 12/, = 4 + /3 cos 6 + 3sin

Solution:

Given 12/7« =4 ++/3cos@ + 3sinb

+~ by 4
3/r = 1+\/§/4c059+ 3/4sin0

3/r =1 +‘/§/4 (1/2 cos @ + \/5/2 sin@)

cosa =1/,  sina=+1-cos2a = /1—1/4

==z

3 =1 +‘/§/2 (cos a cos 6 + sin a sin 6)
3/r =1 +‘/§/2 cos(@ — a)
a = cos‘l(l/z) =T/

3/. =1+ \/§/2 cos(8 — ”/3)
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,-, I

''''''

The equation of the conic is l/r =1+ecos(0 —a)

Here [ = semi lactus rectum= 3

e=‘/§/2=>0<e<1

Since 0 < e < 1. The conic is the ellipse with focus at poles and the axis of the conic

makes an angle " /3 = 60° with the initial line

1= D%/, and b®> = a?(1 - €?)

_a*(1-e?)

l = = a?(1 — e?)

3=a(1-3/4) =%,
; b? 62
a=12sincel = /a =3 = /12
b =36 =2b=6
If another focus is S’ then SS' = 2ae = 2 X 12\/5/2 = 12V3
If A is the vertex near to Sthen SA = CA—CS = 12 — 6V3

=a—ae= 6(2-V3)

From this we can get the shape of the curve as below.
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Example 3:

Trace the conic 2/, = 1 + cos @ + sin 6.
Solution:
Given 2/,« =1++2 (1/\/§cost9 + 1/\/Esin 9)

2/ =142 (cosacos@ + sinasin0)

where cosa = 1/\/§' a= ”/4 = 45°

2/ =1+2 (cos(6 — T/ 4)

W.K.T the equation of the conic is l/r =1+ecos(6 —a)
Here [ = semi latus rectum = 2
a= ”/2 e =12
Since e > 1, then the conic is the Hyperbola.
From the form of the equation, we get that one of the foci S of the conic is at

the pole. The axis of the conic makes an angle 7T/4 = 45° with the initial lines. The
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represents a rectangular Hyperbola.

In the rectangular hyperbola, a = b
andl =0/, =si=a
W.KT.l=2,thena =2
If the other focus is S” then SS’ = 2ae = 2(2v2) = 42

If the vertex near to S is A then SA=CS-CA =22 —2 =2(v2 - 1)

=ae—a
If the vertex near to S” is A’ then SA’ = AS + AA' =2(V2—1) + 4
=2vV2+2

So1++v2cos(6 — ™/,) =0as

cos (0 —”/4) =— 1/\/7
cos® ="/, = cos™? (_1/\/7)
0 = cos™? (_1/\/7) +7/,

0= (m+T/y)+T/qor0=(r="/4)+7/,
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Then 6 = 37'[/2 (or) ©

Theline 8 = m.and 6 = 37T/2 are parallel to the Asymptotes.

2.5 Equation of chord, tangent, normal:

2.5.1 The equation of chord of the conic l/r = 1 + e cos 0 joining the points

whose vectorial angle are a — g and a + .

1) The equation of any line not passing through the pole is of the form

l/r = A cos 6 + sin 8 where the vectorial angle the pointPand Q isa« — f and a + 5.

2) The vectorial angle of P becomes a then the equation of tangent at P become

l/r =ecosf + cos(6 — ).

3) The equation of the tangent at a to the conic l/ r=1+ecos(6 —r) is

l/r =1+ ecos(8 —1)+ cos(0 — a).

Example 1:

Find the condition in order that the line l/r = Acos6@ + Bsinf may be tangent to

the conic I/ = 1+ e cos 6

Solution:

Here the conic is l/r = 1+ e cos 6 we have to find a condition that the line

l/r = Acos6 + Bsinf be the tangent to the conic l/r =1+4+ecosf
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The tangent at a to the conic l/r =1+ ecos?f.
l/r =ecosf +cos(0 —a) [~r=0]
l/r =ecosf +cosBcosa +sinfsina

l/r=(ec050)cost9+sinasin9
=>A=e+cosf and B =sina
A—e=cosa and B = sina
(A —e)? + B2 = cos?a + sina

(A—e)?+B%2=1.

2.5.2 Asymptotes of the conic /- = 1 + e cos 6.

The tangent at o to this conic is l/r =ecosf +cos(6 —a)
These tangents become an Asymptotes if the point of contact lies co.

That is the point whose V.A a lies on the conic at oo distance from the pole.
Asymptotes of the conic !/,
r — 00 l/r -0

=>0=1+ecosb :>cosa=_1/e

sina = * /1—(1/6)2
sina = + /ez—l/e

l/r =ecosO +cos(8—a) [~a=0]

l/r=€COSQ + cosf cosa + sinf sina
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l/r= (ecos@ ) cos8 + sinasin @

l 1 92—1 .
/r=<e——)cosei sinf
e e

e’ —1 vez —1
cos O +

l/r=

e

e? -1

e

l/r=

(cos 0+

which are the asymptotes of the conic.

2.5.3 Equation of the normal at the point P whose vertical angle is

.

esina

. . l : .
The equation of the normal is ————— X - = e sin 8 + sin(0 — a)
1+ecosa T

Example 1:

If the normal at L, one of the extremities of the conic l/r = 1 + e cos 6,meets the

1+ 3e? —e*
SQ=1(——r1

1+e2—et

curve again in Q. Show that

Solution:

The co-ordinates of L (1,™ /)

esina

. . l . .
The normal to the conic at o is ——— X = = e sin @ + sin(0 — a).
l+ecosa r

The normal at L is
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e sin 7T/z

l
L (T
T ecos™/, Xr esin @ + sin(6 /2)

el
— = esin O + sin O cos 7I/2 — sin 7T/Z cos 0

el/r =esinf -cosf - (1)
The given conic equationis /=1 +ecos8 - (2)
From (1) & (2)
e(l14+cosf) =esinf -cosb
= e+e?cosf+cosf =esinb
e+ (1+e?)cosh =esinb
(e + (1 +e?)cosB)? = (esinB)?
e? +2e(l+e?)cosh + (1 + e?)cos?8 — e?sin?0 =0
e?(1 — sin%0) + 2e(+e?)cos 0 + (1 + e?)cos?6 = 0
cos O (e?cosO + 2e(1+e?)+ (1+e?)coshd) =0
6 is not unique = cos 8 # 0

cos0(e?+ (1+e?)?)+2e(1+e?) =0

9 — —2e (1 + e?)
OSY =y (1+e?2)?
Then the conic equation is
2e2(1+e?)
l/r =1-

e? + (1+ e?)?
Here r can take as SQ

I _ 1 2e2(1+e?)
/SQ_ e? + (1+e?)?
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T 1+3e2+et

1+ 3e® + et
1+e2—et

»8Q =1

Example 1:

If the normal at a, 3, y on l/r =14 ecosf meetsin the point (p, @), show that

(i) tan(%/,) + tan (3/2) + tan(y/z) =0 and (i) a+f +y =2nmw + 20

Solution:

(i) The normal at 6, to the conic l/r =1+4ecosb

sinf,
1+ 6,

l/r = sin 6 + sin(6 — 6,)

Here this normal meet at (p, ),

sinf, I _ )
T+ coso, /p = sin@ + sin(@ — 6,)
01/, = sin@ + sin @ cos 6, — cos @sin @
— p = sin @ + sin @ cos 6, — cos @ sin 6;
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¢ sin20 = ———
St 1+ tan?0
Now,

: 01/ _
Consider tan 71/, = ¢

sing, = Zt/l 412

)
cosf, = 1 t/1+t2

2t
/1+t2
1+1-t

)
; l/p=sin®+sin®1 t/1+t2_cos®2t/1+t2
1+ t?

1+t )=+ t?)sing +sin@ (1 - t?) — cos @. 2t
[t3+ 1t = 2psin® + @e t? sin® + psin @ — p sin Bt? — pcosP2t.

It3 + (2pcos@ + DIl — 2psin® =0

2 + 1 2p si
oo (Y, (E2209)

[Note:
t3+at?+bt+c=0
Three roots t,, t,, t5
ti+t,+t;=—a
tit, +tyt, +tits=>b

t1t2t3 == _C]

Herea =0
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p

_ psin®
o

c

Corresponding to these values t, to these values t, let the value of 8, be a, 8,y

t a t., t t,,t 14 t
= tan- =t tan- =t, ,tan- =
2 1 2 Z 2 3

Here

t1+t2+t3=0

a
tan5+tan§+tang =0

(ii)
(tana + tanb + tanc) — ( tana + tanb + tanc)

tan(a+b +c) =
( ) 1 — (tanatan b + tanbtanc + tan c tana)

Let

N

psin®d

a B yy_ 0=
tan (E + 2 E) a 1 2pcosO + 1
-

=tan®

a p U_
tan(2 + 5 +2 =tan @

a B vy
2 t773

=0 +nm
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Lo
a+B+y=2(00+nn)

a+p+y=2nm+20.
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Unit-111:

System of Planes-Length of the perpendicular—Orthogonal projection.

3.1 System of Planes:

The equation which is satisfied by the coordinates of any point in the is called the

equation of the plane.

3.1.1 The general equation of the first degree in X,y,z represents a plane.

The general equation of the first degree in x,y,z is
Ax+By+Cz+D=0—(1)
If P(x,,y:1,Z,) and Q(x,,y,, Z,) be any two points on the locus,
We have, Ax;+By;+Cz,+D=0—(2)
Ax,+By,+Cz,+D,=0—(3)
x eqn (3) by k and adding it with 2, we get
A(x,+kx,)+B(y, +ky,)+C(z, tkz,)+D(1+k)=0
+(1+k)

X1 + kx, 4 v, +ky, 71+ kz,
1+k 1+k 1+k

+D=0

x1+kxy, y1+ky, z1+kz,
1+k ' 14k ' 1+k

This shows that the point ( ) lies on the locus
Ax+By+Cz+D=0

X1+kX2 y1+kyZ Zl+kZZ
1+k ' 1+k ' 1+k

The point ( ) divides the line joining the points

(>1,¥1,21) (x2,¥2,Z,) in the ratio k:1. As k can have any value positive or negative,

it follows that the all the points in the straight line p,q satisfies the eqn(1)
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Eg“w:‘z ‘-'L
i.e. The line p,q lines completely in the locus p and g any two points on the

locus.

Hence we get that if we join any two points on the locus, represented by eqn(1)

that line now far if it is produced in both sides lies completely on the locus.

=~ The given eqn represent a plane. Hence, we get that every eqn of the first degree

in X, Y, z. represents a plane.

3.1.2 The equation of the plane intercept a,b,c on the axis Ox, Oy, Oz.
Let the given plane meet the coordinate axis Ox, Oy, Oz at A, B, C

~ OA=a, OB=b, OC=c, hence the coordinates of the points A,B,C are
respectively (a,0,0), (0,b,0), (0,0,c). Let the eqgn of the plane by
Px+Qy+Rz+S=0—(1)

Sub points in (1),
Pa+S=0 = P=-s/a
Qb+S=0 = Q=-s/b
Rc+S=0 = R=-s/c
s s s _
—;X—;_’y—zZ-l-S—O
S S S
Sub these values P,Q,R, we get — Zx — Ey — ZZ + s=0
(IR
x + y + E:]_
a b c

This is known as intercept form of the equation of a plane .
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from the origin to it I, m, n; the direction cosines of the perpendicular.

Then the given plane makes intercept a, b, ¢ and Ox, Oy, Oz.
Let the perpendicular OD from O the plane ABC be plane (P). OD is
perpendicular to any line the plane ABC
« £LADO=90
»cos(«2D0A)=I

Since the direction cosines of the perpendicular OD are (I, m,n).

In triangle ODA,

cos 2zDOA= op
0OA

QI

~|

11y,

b= =2
m n
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The eqn of the plane ABC is g + % Z =1

zc

. Ix m nz
Substitute these values a, b, ¢, the egn of the plane becomes ; + Ty + ? =1

(i.e) Ix + my + nz = p (normal form)

This is known as the normal form of the equation of the plane.

Note:

The perpendicular form the origin on any plane always taken to be positive.

3.1.4 We have now obtained several forms for the equations of a plane.
1. Ax+By+Cz+D=0- (1)
X .y . Z_
2. . + , + C—1—> (2)
3. Ix+my+nz=p-(3)

we can easily see that all the above forms are equivalent.

Equation (1) can be expressed in the form (3).

Since these two equations represent the same pane,
we have (1)=+(3)

A_ B _C_ D
I m n  p
. VAZ¥BZ+C2 5 >
Hence each ratio is equal to im— +VA2+ B2+

Since 12 + m? 4+ n?=1

D
P=4 ———
— VAZ+B%+C?
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Since p is considered to be always positive, take the positive sign when D is positive

and the negative sign when D is negative.

— A — B — c
=M=t =+ =
VA2+B2+(c2’ VA2+B2+C2] VA2+B2+(C2

The negative sign to be used when D is positive and the positive sign when D is

negative

The general equation can be in the form

X y z _
>+t D
A B C

. . -D -D -D
Hence the intercepts on the coordinate axes are 5 and -

The general equation of a plane Ax + By + Cz = 0 contains three arbitrary constants,

since we can write down the equation in the form,

4B il 10
p*TpY TprT T

leepx+qy+rz+1=0

Hence a plane has three degrees of freedom. So a plane can be drawn to satisfy

three conditions such as:

1) passing through three non-collinear points
2) passing through two given points and perpendicular to a given planes; and

3) passing through a given point and perpendicular to two given planes.

3.1.5 The equation of the plane passing through the points

(X1,¥1:21), (X2.¥2,Z2), (x3,¥3,Z3)

Let the equation of the plane be, Ax + By+ Cz +D =0 - (1)
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A
Since the plane passes through the pSNinfferWEk(xl,yl,zl), (X2,V2,25), and (x3,y3,Z3)
we get
Ax; + By, +Cz;+D =0 - (2)
Ax, + By, +Cz,+D =0 - (3)
Axz3 +By; +Cz3;+D =0 - (4)

Eliminating A, B, C, D from (1), (2), (3), (4), we get

x y z 1
x1 Y1 zp 1 —0
X2 Y2 Zp 1 ’
X3 Y3 zz 1

which is the equation of the plane.

3.1.6 Direction cosines of the line which is perpendicular to a plane.
Let the equation of the plane be
Ax+ By+ Cz +D =0- (1)

Let the direction ratios of any line perpendicular to the plane through the origin is

kl, km, kn, where k is some constant.
Hence the equation of the plane is of the form
klx + kmy + knz = p - (2)

Equation (1) and (2) represent the same plane.

[, m,n are proportional to 4, B, C.
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3.1.7. Angle between the planes a;x + b;y + ¢1z+ d; = 0 and a,x + b,y +

sz+d2 = 0.

Angle between two planes is equal to the angle between the normal to them. The
direction cosines of the normal to the two give panes are proportional to a,, b,, c; and

a,, b,, c, respectively.

Hence the actual direction cosines or the normal are respectively,

a, by C1
* 2 2 2 - 2 2 2 = 2 2 2
\/(a1+b1 +ci) \/(a1+b1 +c7) \/(a1+b1 + cf)

a, b, &)
* 2 2 2 - 2 2 2 = 2 2 2
\/(a2+b2 +¢3) \/(a2+b2 +c3) \/(a2+b2 + c5)

If 6 be the angle between the two planes, then

a,a, + b;b, + c;c,

cosf =+

(a? + b? + c?) -\/(ag + b2 +¢2)
Cor.1.

If the planes be at right angles

a1a2 + ble + C1C2 == O
Cor.2.
If the planes are parallel then

al_ﬁ_c1

a by o
Cor.3.
If the equation of two planes differs only in the constant term, they are parallel.

Thus, the planes ax + by + cz + d = 0 andax + by + cz + d, = 0 are parallel.
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Example 1:
Find the equation to the plane through (3, 4, 5) parallel to the plane
2x+3y—z+k=0.
Solution:
The equation to any plane parallel to this plane is 2x + 3y —z+ k = 0.

If it passes through the point (3,4,5).

23)+3(4)—-5+k=0

e, k=-13.

Hence the equation of the required plane is 2x + 3y —z — 13 = 0.

Example 2:
Find the angle between the planes2x —y+z=6,x+y + 2z = 3.
Solution:

The direction cosines of the normal to the planes are proportional to

2,—1,1 and 1,1,2 respectively.

If Bbe the angle between the planes, then

9 2—1+2 3
COS U = = - —
. 2
\/(22+(—1)2+12)-J(12+12+22) V6 V6
. 9_71-
0=
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Example 3:
Find the distance of the origin from the plane 6x — 3y + 2z — 14 = 0.
Solution:

Let the equation of the plane in the normal form be Ix + my + nz = p.

. l _m _n_p
"6 -3 2 14
I.e.,
2 \/(lz+m2+n2) B 1
14 [(62+(=3)2+22) 7
Lp = 2.
Example 4:

Find the equation of the plane passing through the points (3,1,2), (3,4,4) and
perpendicular to the plane 5x + y + 4z = 0.

Solution:
Let the equation of the required plane be Ax + By + Cz + D = 0.

Since this plane passes through the points (3,1,2)and(3,4,4) we get

3A4+B+2C+D=0 - (1)

3A+4B+4C+D =0 > (2)

The plane is perpendicular to the plane 5x + y + 4z = 0.
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SA+B+4C=0 - (3)

Solving the equation (1), (2) and (3), we get

3D
A= —-D;B= —D;c= -

Substituting these values in the equation of the plane, we get

3D
—Dx—Dy+72+D =0

e, 2x+2y—-3z—-2=0.

Example 5:

Find the equation of the plane which passes through the point (—1,3,2) and
perpendicular to the two planes x + 2y + 2z =5,3x + 3y + 2z = 8.

Solution:
Let the equation of the required plane b Ax + By + Cz+ D = 0.

It passes through the point (—1,3,2).

—A+3B+2C+D=0 ..(1)
The plane is perpendicular to the panes
x+2y+2z=5and3x+3y+2z=8
~ A+2B+2C=0 .. (2)
3A4+3B+2C=0 ..(3)

From the equation (2) and (3), we get

60

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



Let each be equal to k
Then A = —2k,B = 4k, C = —3k.
Substituting he values of A, B, C in equation (1), we get D=-8k.

Hence the equation f the plane is

—2kx +4ky —3kz—8k =0 i.e.,2x —4y +3z+8=0.

Example 6:

Find the equation of the plane passing through the points
(21 _5; _3); (_21 _3;5) and (5l3l _3)

Solution:
Let the equation of the plane be Ax + By + Cz+ D = 0.

Since it passes through (2, —5, —3), we get

2A—5B—-3C+D=0 (1D
Similarly, —2A—-3B+5C+D =0 ...(2)
544+3B—-3C+D=0 ... (3)

Subtracting (2) from (1), we get
4A+8B—-8C =0
ie, A+2B—-2C=0 ... (4)
subtracting (3) from (2) we get
7A+6B—8C=0 .. (5)

From (4) and (5), we get
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Let each be equal to k.

Then A = 2k,B = 3k, C = 4k.

Substituting the value of A, B, C in (1), we get D=—"7k.
Hence the equation of the required plane is

2kx +3ky +4kz—7k =0 ie.,2x+3y+4z—-7 =0.

3.1.8. The ratio in which the plane ax + by + ¢z + d = 0 divides the line joining

the pOintS (xl, 3’1'21)' (xz’yZ,Zz).
Let the required ratio be 1 : 1.

Then the coordinates of the point which divides the straight line joining the points

(x1,¥1,2;)and (x2,y2,23) IS
(x1 +Ax, y;+Ay, z; + /122>
142 7 1+2 7 1+2

This point lies in the plane ax + by + cz+d = 0.

(T /1x2> (y1 + Ay2> (21 + /lzz) B
"a(1+A ) telag )t e=o

(ax, + by, + cz, +d) + Alax, + by, + cz, +d) =0
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i

_ax;+by,+cz; +d

ax, + by, + cz, +d

(8) This result gives us a method to determine whether two points are in the same

side or on the opposite sides of plane.

When ax, + by, + cz, + d and ax, + by, + cz, + d have opposite signs, A is
positive. In that case (xy, yy, z;)and (x, ¥,, z,) lie on opposite sides of the plane

ax +by+cz+d=0.

When ax; + by, + cz; + d and ax, + by, + cz, + d have the same sign, A is

negative. In case (x4, v,,z;)and (leyz,zz) lie on the same side of the plane.

Thus, we get that the two points (xy, v, z,)and (x,,y,, z,) lie on the same or

different sides of the plane ax + by + cz + d = 0, according as the expressions

ax; + by, +cz; +d,ax, + by, + cz, + d are of the same or different signs.

3.1.9. Equation of a plane through the line of intersection of two given planes.
Letax; + by, +cz;, +d =0 ..(1)andax, +by,+cz, +d=0 ....(2)
be the equations of the two given planes.
Consider the equation
a,x +by+ciz+d, +Aax + b,y +c,z+d,) =0 ...(3)

Where the A is any constant.

If is an equation of the first degree and therefore represents a plane.

Let (x,v,,2;) be apoint on the intersecting line of the two planes (1) and (2).
“ a;x, + by, + ¢,z +d, =0and a,x, + by, +c,z, +d, = 0.
a X, + by, ¢z +di + M ayx, +byy, ¢z, +dy) =0

Hence values of (x4, y,, z,) satisfy the equation (3) also.
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= The plane represented by (3) passes th

rough the points common to (1)and (2),
1.e., passes through the intersecting line of (1) and (2). Since A is any arbitrary

constant (3) represents any plane through the intersecting lines of (1) and (2).
Conversely if the equation of any plane can be put in the form

a;x, + by, + 1z, +dy + M ayx, + by, + ¢z, + dy) = 0 where A is any arbitrary
constant, we conclude that it always passes through a fixed line, viz., the line of

intersection of the planes

alxl + blyl + C121 + dl == O and a2X2 + beZ + szz + dz == O

Example 1:

Find the equation of the plane through the point (1, —2,3)and the intersection of the
plane 2x —y+4z=7andx+2y—-3z+8=0.

Solution:
The plane
2x —y+4z—7+Ax+2y—3z+8)=0 . (1)
Passes through the intersection of the given planes for all values of A.
It passes through the point (1, —2,3).
W2+424+12-74+A(1-4-9+8)=0.

e, 9—41=0

substituting 4 = ~in (1), we get

9
2x—y+4z—7+z(x+2y—32+8)=0,

i.e.,17x + 14y — 11z + 44 = 0.
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Example 2:
Find the equation of the plane through the line of intersection of the planes
x+y+z=12x+3y+4z—7 = 0and perpendicular to the plane
x—5y+3z=5.
Solution:
The equation of the required plane is of the form
x+y+z—1+AQ2x+3y+4z—-7) =0,
e, 14+20)x+ (1+30)y+ (1+40)z— (1+71) =0
This plane is perpendicular to x — 5y + 3z = 5.
@420+ @ +30D)(-5)+1+41)3=0
i.e.,-1—1=01ie,1=-1.

Hence the required plane is

xX+y+z—-1—-Qx+3y+4z—-7)=0

i.e.,—x—2y—3z—-6=0 i.e.,x+2y+3z+6=0.

3.2. Length of the perpendicular.

We have seen that the length of the perpendicular form the origin to the plane

d
ax +by+cz+=0,is +
J(@@? + b2 + c2)

the positive sign is to be taken when d is positive and the negative sign when d is

negative .
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3.2.1. The length of the perpendicular from the point (x4,y1,24)
on the plane Ix + my + nz = p.
Consider a plane through (x4, y4, z;) parallel to the given plane Ix + my + nz = p.
Since it has the same normal as the given plane, its equation will be

lx + my + nz = p,, where p; is the length of the perpendicular form the origin to

the plane.

Since the point (x4, y;,z,) is a point o this plane,

Ix; + my; +nz; = p;.

We can easily see that the length of the perpendicular form the point (x4, v, z,)
on the given plane is = p — p;.

i.e.,=p—Ilx; —my, —nz,.

3.2.2. The length of the perpendicular from the point (x4, y4,2,) on the plane
ax+by+cz+d=0.

Let the normal form of the equation of the plane

ax+by+cz+d=0Dbelx+my+nz=np.

2 +m?+n? 1
% E=_B+\/( mAn)_ .
c

d™ \/(a? + b2 + c?) __\/(a2+b2+cz)

a

a _ b

=% ;ym =+
\/(az + b% + ¢2) \/(az + b2 + ¢?)

_ d
=7
\/(a2+b2+c2)

n nd p

:i a
\/(az + b2 + c?)
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Now the length of the perpendicular by the

previous article is

p — lx; — my, —nz,.

Substituting the value of p, [, m, n in this expression ,we get the length of the

perpendicular.

d

=F
\/(a2+b2+cz)

{+ ax, N by, N €z, }
V@ +b2+c2) (@2 +b%+c?)  \(a%+ b2+ c?)

ax, + by, +cz; +d

==
V(a2 + b2 + ¢c2)

Since the perpendicular form the origin on any plane have to be positive,
the positive sign will be taken when d is positive and the negative sign when d is

negative.

3.3 Orthogonal Projection:
3.3.1. The equation of the planes bisecting the angle between the plane
a;x+b,y+ciz+dy =0and ax + b,y+c,z+d, =0.

From any point (x, y, z) on the required plane the perpendicular on the two

given planes will be equal. Hence the required equation is

a1x+b1y+clz+d1_+a2x+b2y+czz+d2
J@+bi+cd)  J@+b+cD

The = sign gives the two different planes bisecting the angle between the two given

planes.
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Note 1:

The bisector of the acute angle makes with either of the planes of an angle which
is less than 45° and the bisector of the obtuse angle makes with either of them an angle
which is greater than 45°. This gives us a method to find the equation of the plane

bisecting the acute or the obtuse angle between the given planes.

Note 2: Write down the equations of the planes so that d, and d, are positive.

Consider the equation

ax+biy+ciz+dy, ax+by+cz+d,
V(i +bf +cf) V(@@ +b5 +c)

. (1)

Since both denominators are positive, the numerators are both positive or both

negative.

Case (i):
Leta,x + byy + ¢c;z+ d, and a,x + b,y + ¢,z + d, be both positive.

a;x +by+cz+d, =0and a,x + b,y + c,z+d, = 0.
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i.e., the pint (x, y, z) satisfying the equatio; (1) and the origin lie on the same side of
both the planes. This will be the case when (1) is bisector of the angle containing the

origin.

Case (ii):
Leta;x + byy + ¢,z + d, and a,x + b,y + ¢,z + d, be both negative.

Then the origin and (x, y, z)satisfying the equation (1) lie on the opposite sides

of the planes

a;x +byy+cz+d,=0and a,x + b,y +c,z+d, =0.

This will be the case when (1) is the bisector of the angle containing the origin.

In both the cases (1) is the bisector of the angle containing the origin.

Similarly,
ax+bytcz+d,  ax+by+cz+td,
J(@ +b? +c? J(az + b2 +c?

Represents the plane bisecting the other angle between the given planes.
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Example 1:
Find the distance between the parallel planes 2x — 2y +z+ 3 = 0 and
4x —4y +2z+5=0.

Find a point on the plane 2x — 2y + z + 3 = 0 and the distance between the two
parallel planes is the perpendicular distance from that the point to the plane 4x —

4y +2z+5=0.
Solution:
The first plane meets the z-axis at the point (0,0, —3).
The length of the perpendicular from (0,0, —3) to the plane

4x —4y+2z+5=0is

—6+5
+
V(42 + 42 + 22)

1
=+-.
6

Hence the distance between the parallel is
1

¢

Example 2:

Show that the origin lies in the acute angle between the planes
x+2y+2z=0,4x — 3y + 12z + 13 = 0. Find the planes bisecting the angle

between them and point out which bisects the obtuse angle.

Solution:

The equation of the planes which bisects the angles between the given planes

are given by
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oL EDoE A

x+2y+2z—-9 +Zx—3y+122+13

JaZ+22+22) @2 +32+1229)

. x+2y+2z-9 +4x—3y+122+13
l.e., = T .
3 13

The plane bisecting the angle containing the origin

—x—2y—2z+9 4x—-3y+12z+13
3 B 13

i.e.,25x+ 17y +62z—78=0
Hence the plane bisecting the other angle is

4x —3y+12z+13 x+2y+2z-9
13 - 3

i.e.,x +35y—10z — 156 = 0.
Let us find the angle 8 between

25x 4+ 17y +62z—-78=0 and x + 2y + 2z = 9.

o 25 + 34 + 124 61
COSU = =
V(12 + 22 +22) - /(252 + 172 + 622) V4758
tan? = sec?6 — 1
_4578 1037
612 ~(61)?
V1037

s tanf = which is less than 1. . 8 < 45°

61

~ 25x + 17y + 62z — 78 = 0 is the angle containing the obtuse angle is

x + 35y — 10z — 156 = 0.
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Example 3:

Prove that the reflection of the plane

ax + by + cz =d = 0 intheplane a,x + b,y + c;z + d, = 0 is the plane.
Solution:

2(aay + bby + ccy)(ayx + by + ¢,z + dy)

= (a? + b? + c¢?)(ax + by + cz + d).

The reflection of the plane

ax +by+cz+d=0 ..(1)
inthe plane a;x + byy + c,;z+d; =0 ...(2)
Is the plane passing through the intersection of (1) and (2).
Its equation is of the form

ax +by+cz+d+ Aax+by+cz+d) =0 ..(3)
Also, the perpendicular from any point on (2) to (1) and (3) are equal.

Let (x4, y,,2,) be any point in (2).
Then a;x; + byy; + ¢4z, +d; =0

Then
ax, + by, +cz; +d
J(@? + b2 +¢2)

_axy + by, +cz; +d + Aayxq + byyy + 12, +dy)
J{la+2a)? + (b + Aby)? + (c + Acy)?}

s at+ b2+ c?=(a+2a)?+ (b + Aby)?% + (¢ + Acy)?
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= a?+ b?+ c? + 2A(aa, + bb; + cc;) + 1?(a? + b? + c¢?)

i.e.,A(a? + b? + ¢?) + 2(aa, + bb; + cc;) = 0.

2(aay + bby + ccy)
a? + b? + c¢?

i.e., A=

Substituting this value of A in (3), we get the required result.

Exercises:
1.Find the equation of the plane through (1,1,1) and the line of intersection of the
planesx + 2y —z+1=0,3x —y+4z+3 = 0.

2. Find the equation of the plane through the origin and the line of intersection of

theplanes3x —y+2z=0,x+y+z=1.

3. Find the equation of the plane passing through the line of intersection of the
planes 2x — 2y + 5z —3 = 0and 4x + 2y — z+ 7 = 0 and parallel to the

Z-axis.

4. Find the equation of the plane passing through the line of intersection of the
planes 2x+y+3z—4=0and4x—y+5z—7=0 and which is
perpendicular to the plane x + 3y — 4z 4+ 6 = 0.

6. Find the equation of the plane passing through the line of intersection of the

planes 2x —2y —z+3 =0and3x + 5y —2z—1 =0 and perpendicular to
the yz plane.

73

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



Unit-1V:
Representation of line—angle between a line and a plane — co — planar lines—

shortest distance between two skew lines —length of the perpendicular.

4.1 Representation of Line:

4.1.1. A straight line may be determined as the intersection of two planes.
Let the equation of two planes be
Ax+By+Cz+D =0,A;x+B,y+C,z+D; =0.

Any set of values of x,y, z which satisfy the two equations simultaneously,
will give the coordinates of a point, which lies in the line of intersection of the two

planes. Hence the equation of planes taken together.

Ax+By+Cz+D =0,A,x + B,y + C,z + D, give the equation of the line

of intersection of the two planes.

Cor. The intersection of XZ and XY planes is the x —axis. Hence the equation

of the x —axisisy =0,z = 0.

Similarly, the equation of the y — axis are x = 0,z = 0 and of the z —

axisarex =0,y = 0.

4.1.2. Symmetrical form of the equations of a line.

Let the direction cosines of a line passing through a given point A(x4, y4,2,) be |,

m, n. Let the coordinates of any point p on it be (x, y, z) and let the distance AP ber.

Projecting AP on the coordinate’s axes, we get

xX—x,=Ilr;y—y,=mr;z—2z, =nr.
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Hence the equations of the line are

X—=X1 Y=V _Z—Z1
l m n

r.

Cor.1:

The coordinates of any point on this line can be expressed in the term of a
single parameter r.

x=x;+lr,y=y,+mr,z=2z +nr.

Even if I, m, n are not the direction cosines of the line but only the direction

ratios, then also (x, y, z) and (x;, v, 2;) .

Cor.2:
Any equation of the form

X=Xy V=N _Z2—2;

[ m n

represents a straight line passing through the point (x,, y,, z;) and whose direction

ratios are [, m, n.

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



Cor.3:

The equations of the line
X~% _ Y7 _Z274%
l m n

are only special form of the previous form.

The equation

X=X _YV—N Y=V _Z—Z
= and = :
l m m n

represent a pair of planes passing through the line.

4.1.3. The symmetrical form of the equation of the line.
ax+by+cz+d=0= a;x+by+cz+d,.
To put the equation of the line into the symmetrical form we have to find
(1) the direction ratios of the line; and
(2) the coordinates of any point on it.
Let the direction ratios of the le be [, m, n.

The line is perpendicular to the normal of both the planes, since the line lies in

both the planes.

The direction ratios of the normal of the planes respectively a, b, ¢c and

a,, by, c;.
cal+bm+cn=0

al+bm+cn=0

l m n

bc;, —bic ca, —c,a ab; —ab
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Let as find the point where this line meets the XY planei.e.,z =0
The coordinates of that point are given by the equation
ax+by+d=0

ax+byy+d; =0 and z = 0.

. X B y _ 1
" bd, —b,d da,—d,a ab,—ab

=~ The coordinates of the point where the line meets the XY plane are

(bd1 - bld dal - dla O)
abl - alb’ ab1 - alb ’ .

=~ The equations of the line are

_ bdl - bld _ bd1 - bld
x ab1 - alb _ y abl - alb _ Z
bc, —b,c  ca,—ca ab, —a.b

Example.1:

Find the symmetrical form of the equation of the line of intersection of the planes.

xX+5y—-z—-7=0,2x—-5y+3z+1=0.
Solution:
The normal to the two planes are in the direction given by

1,5 —1and 2,-5, 3.
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Each of these two directions is perpendicular to that of the line of intersection.

Il: m: n are the direction ratios of the line of intersection, we get
[+5m—n=0

2l -5m+3n=0

We have to find coordinates of any fixed point on it and there is an unlimited
number of points from which to choose. We shall take the point in each the lie meets

the plane z = 0.
The x and y coordinates of this point are given by
x+5y—-7=0
2x—5y+1=0
~x=2,y=1

Thus,
one point on this line is (2,1, 0).

Hence,

the equations of the line are
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If the given points are (x;, y;,2,) and (x,, y,, z,), the direction ratios of the line

passing through them are x, — x;, y, — y; and z, — z;. Then the equations of the line

are
X = Xq _ Y= _ Z—Z
X2 —=X1  Y2—V1 Z2— 71

Example 1:

) ) . X—2 y—4 zZ+6
Find the point where the line S T T3 T meets the plane 2x + 4y — z — 20.
Solution:
x—2 -4 z+6
Let === =r
2 -3 4

= The coordinates of any point on the line are (2 + 2r,4 — 3r,—6 + 4r).
If the point lies on the plane 2x + 4y — z — 2 = 0, we get
22+4+2r)+4(4-3r)—6+4r—-2=0
i.e.,vr=2

Hence the coordinates of the required point are (6, —2, 2).

Example 2:

: . _ : +8 -31 -13
Find the perpendicular distance from p(3,9, —1) to the line x_8 4 " z c

Solution:
Let the foot of the perpendicular form P to the line be A.

Since A is on the line, its coordinates are (—8r — 8,7 + 31,5r + 13)
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The direction ratios f the line APA
8r—8—-3,r+31-95r+13+1
i.e.,—8r—11,r + 22,5r + 14
AP is perpendicular to the given line.
& —8(—8r—11)+1(r+22)+5(GBr+14)=0
Simplifying, we get r = —2
=~ Ais the point (8,29,3).
~AP?2 = (8—5)24+(29-9)2+ (3 +1)% =441
~ AP= 21.

=~ The perpendicular distance from A to the line is 21 units.

Example 3:
Find the image of the point (1, —2,3) in the plane 2x — 3y + 2z + 3 = 0.
Solution:
Let Q be the image of the point P(1,—2,3) on the plane 2x — 3y + 2z + 3 = 0.
The PQ is perpendicular to the plane.
The direction ratio of PQ is proportional to 2, —3, 2.

The equation of the line PQ are
x=1 y+2 z-3
2 -3 2

The coordinates of Q are of the form
x—1 y+2 z-3
2 =3 2

=T

x=2r+1 y=-3r—-2 z=2r+3
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=~ The coordinates of Q are of the foFrmnm (2r+1,-3r—2,2r + 3) and
P(1,-2,3)

The Mid-point of PQ is

<1+2r+1 —2—-3r—2 3+2r+3)
2 ’ 2 ’ 2
i.e, (r+ 1,_3r_4,r+3)

This point lies on the plane 2x — 3y + 2z + 3 = 0.

n22r+1)—-3(-3r—2)+2@2r+3)+3=0

(-9r-12) _

4r + 11 — 0

8r+22+9r+12=0
17r +34=0
r=-2.
Substitute r = —2,
> (@r+1),-3(=2) -2, 2(-2) +3)
(—-3,4,-1)
Hence,

Q is the point (—3,4,—-1)

Example 4:

_ _ _ . ox-1 +2  z-3 .
Find the equation of the image of the line = 4 e in the plane

2x—3y+2z+3=0.
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Solution:

The image of this line in the plane is the straight line joining the image in the

plane of two points on the given line.

(1, -2, —3) is the point on the line and its image in the plane 2x — 3y + 2z +

3 =0is(—3,4,—1) from the above example.

The coordinates of the point R in which the line meets the plane are
givenby (1 + 2r,—2 — 57,3 + 2r),

where,
214+ 2r)—3(-2-5r)+23B+2r)+3=0

23r+17 =0

—17
23

Substitute r = ——
23

= (1+42r,—-2-5r,3+2r)
(1+2(F)—2-5(3) 3+2(3)

(—11 39 35)
23 23’23
~ R is the point

(—11 39 35)
23 23’23
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Hence the reference line is the line joining the points

(-34-D& (=2%)

23 23723

Hence the equations are,

x+3 y—4 z+1

—11 . 39 _ 35
3 +3 S3—4 33+l

23(x+3) -23(y—4) 23(z+1)

58 53 58
. x+3 (-4 z+1
(=2 =g =753 ~ 53

x+3 y—4 z+1
—-58 53  —58

i.e.,

Example 5:

The plane =+ + = = 1 meets the axes in A, B, C. Find the coordinates of the

orthocentre of the 4ABC.

Solution:
The point A, B, C are respectively (a, 0,0), (0, b, 0), (0,0, ¢).
The direction cosines of the lie BC are proportional to 0, b, -c.

Hence the equation of the line BC is
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proportional to [, m, n.

Then, its equation is

x—a 'y

z
l m n
~1(0)+m(b)+n(—c) =0
mb—nc =0
mb = nc
Hence the equation of the line becomes

x—a by cz

I  mb nc

Hence the equation of the plane passing through OX perpendicular to

BCis by= cz.

Similarly, the equation of the plane through OY perpendicular to CA is, CZ= ax.

These two planes will intersect on the line ax = by = cz.

y Z

X
i.e., = =
Yo Yy e

Hence the orthocentre is the intersection of this line with the plane
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We can easily show that the coordinates of the orthocentre are,

Ya Y e

1 a2+1/b2+1/c2’1/a2+1/b2 _|_1/C2’1 a2+1/b2+1/62.

.. . X—X - zZ—Z
4.1.5. The condition for the line ; L= yniq = L {0 be parallel to the

plane ax + by + cz+d = 0.

. ; X—X - Z—Z
Let the equation of the line be — LR A i — (1)

& The equation of the planebe ax + by + cz+d =0 - (2)

If the line (1) is parallel to the plane (2), the line (1) is perpendicular to the
normal of the plane (2) - (3)

Now, direction ratios of the line (1) =1, m, n.
Direction ratios of the normal to the plane (2) =a, b, c.
al+bm+cn=20 [by(3)]

iti L XX - zZ—z
Hence the condition for the line l LR O 1

to be parallel to the plane ax + by + cz+d =01is al + bm 4+ cn = 0.

- —(axy + by, +cz, +d)
" al + bm + cn '
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Cor 1:

The condition for the line x_lxl = y;nyl = Z_nzl lies in the plane ax + by +
cz+d=0.
Let the equation of the line be
x_lx1ZJ’:TlY1=Z:lZ1 5 (1)
& The equation of the plane be ax + by +cz+d =0 - (2)

The line equation (1) will be in the plane equation (2) if
1) the line is parallel to the plane
I1) any one point of the line lies in the plane

(i) By the previous theorem, the line is parallel to the plane (2) if al + bm + cn = 0

. X—X1 _ y—=y1 _ Z—Z1
@@= ==

= (x4, vy, 2,) lie in the plane (1).
Also, this point (x4, y;, z,) lie in the plane (2)
Equation (2) = ax; + by; + cz;, +d =0

. . X—X - Z—Zq .. .
Hence the condition for the line ; L= yni]l = L lies in the plane ax +

by+cz+d=0Iis
NDal+bm+cn=20

i)ax, + by, +cz; +d = 0.

Cor 2:

. .. X—X .
The equation of any plane containing the . = IS

a(lx —x,) + b(y —y;) + c(z — z;) = 0 subject the condition al + bm + cn = 0.
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4.2 Angle between a line and a iblane:

4.2.1 Angle between the plane ax + by + cz+ d = 0 and the line

The angle between a line and a plane is defined to be the angle between

the line and its projection on the plane.

Let the equation of the line be x_lxl = y1—ny1 = Z_nzl — (1) &the

equation of the planebe ax + by +cz+d =0 - (2)
Let 0 be the angle between the line (1) & the plane (2).
= 90° — 6 is the angle between the line (1) & the normal to the plane (2)
Now, direction ratios of the line (1) = [, m,n.
Direction ratios of the normal to the plane (2) =a, b, c.

W.K.T,

a,a, + b;b, + c,c,

cosO =
VXY a?. /Y a3
al + bm + cn
cos(90°—0) =

Va2 + b% + c2. V12 + m? + n?

_ al + bm+cn
sinf =
vaz + b? + c2.VI? + m? + n?
9 _ _1< al + bm + cn )
= sin )
vaz + b? + c2. V1?2 + m? + n?
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Cor 1:
If the line is parallel to the plane, then 6 = 0.
~ sinf =0

al + bm + cn
va? + b% + c2.VI2 + m? + n?

=0=al+bm+cn=20

Hence the line is parallel to the plane if, al + bm + cn = 0.

Cor 2:

If the line is perpendicular to the plane, then the line is parallel to the

normal of the plane.

=~ Direction ratios of the lines proportional to the direction ratio of the

normal to the plan,

I m n
a b C
Definition:

The line of the greatest slope in a given plane is a line which lies in the
lane and which is perpendicular to the line of intersection of the plane with the

horizontal plane.

Example 1:

. . .. . o x=2 -1 z—4
Find the equation of the orthogonal projection of the line ” =y2 =—3on the

plane 8x + 2y + 9z —1 = 0.
Solution:

The refereed orthogonal projection lies in the plane drawn through the
given line perpendicular to the given plane.
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The equation of any plane containing the give line is,

Ax—-2)+B(y—-1)+C(z—4)=0 - (1)
Sub to the condition, 44+ 2B+ 3C =0 - (2)

Plane (1) is perpendicular to the plane 8x + 2y + 9z -1 = 0.

~84+2B+9C =0 - (3)
A I
= = = =
8 2 9 18—6 36—24 8-16
A B C
X4 —=—=—
3 -3 -2

Sub the value of 4, B, C in (1) we get the equation of the plane (1) as,
3(x—2)+(3)y-1D+(-2)(z—-4)=0

3x —3y—2z+5=0.

Example 2:

-1 2
If L is the line _il = yT = % find the equation of plane through ‘I’ which is

parallel to the line of intersection of the planes 5x + 2y + 3z =4 &x -y + 5z +
6 = 0.

Solution:
The equation of any plane passing through [ is
Ax+B(ly—1)+c(x+2)=0,- (1)

where —A+2B+C =0 - (2)
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S5x+2y+3z=4&x—-—y+5z2+6=0
Then,
50+42m+3n=0 - (3)

[—-m+5n=0 - (4)

Il m n

5 2 3|=o0 : m n
= = = =
1 -1 & 10+3 25-3 -5-2
l_m_n
13 —-22 -7
From (3) & (4) we get,
l_m_n
13 —-22 -7

Hence the plane (1) is parallel to the line whose direction ratios are
proportional to 13, —22, —7.

~134A—-22B—-7C =0 - (5)

From (2) & (5)

A B C

1 2 1 0 4 5 ¢
—_ = = = =
13 —22 _7 —14+22 7-13  22-26
A_B_ C
8 6 —4

Sub the value of 4, B, C in (1) we get the required plane as,
Ax+B(y—-1)+C(z+2)=0
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8x+6(y;1)—4(z+2)=0

8x+6y—4z—-14=0

+2 =24x+3y—2z—-7=0.

4.3 Coplanar lines:

4.3.1. The condition that the two given straight lines should be coplanar.

Let this equation be

X=X V=W _Z2—2;

I
\J
~\
(U
N7

The equation to a plane through the first line
Ax—x)+Bly—y)+C(z—-2z)=0 -Q3)

where Al+ Bm+Cn=0. - (4)
If it contains the line (2), then the point(x,, y,, z,) lies on it.

2 AGG —x) + B2 —y) +C(zz—2) =0 - (5)

Also, the line (2) is perpendicular to normal to the plane (3)
o All + Bml + CTl1 == O - (6)

Eliminating 4, B, C from equation (5), (4), (6) we get the condition for the lines

to be coplanar.
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Eliminating A, B, C from (3), (4), (6) we get the equation of the plane passing
through two lines as,

X=Xy Y—V1 Z—2Z;
[ m n

Another Method:

Let the two given lines be,

X=X V=W _Z— 2

=i arGay) )

X —X - A
=T o ay) > (2)
1 my ny

W.K.T,

two coplanar lines must be either parallel (or) intersecting, the lines (1) & (2)

are parallel if.

S==l 53
m n

Suppose the lines (1) & (2) are not parallel, then they will still be coplanar, if

they interest.

The coordinates of any point on the line (1) are

(X, +lr,y; + mr,z; + nr) - (4)
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The coordinates of any point on the line (2) are

(x, + Ly, y, + myry, 2z, + nyry) - (5)

The lines (1) & (2) intersect, if some particular values of & r; the point (4) & (5)

must coincide.
e x1+lT'= x2+llT'1 ﬁ (xl—x2)+lr—llrl=0 _)(6)
yitmr=y,+mmn = (y,—y,)+mr—mmnr =0 - (7)

zi+nr=z,+nn = (zy—2z,)+nr—nr, =0 - (8)

Eliminating r & r; from equation (6), (7) & (8).

x1 - xz l l1

Yi—)Y, m my
Zl_ZZ n n1

=0

Xo—=X1 Y2—=V1 22— Z;
l m n
Ly my ny

0.

i.e.,

Example 1:
Find the condition for the linesax + by + cz+d =0 = a;x + b;y + ¢,z + d, and
a,x + b,y +c,z+d, =0 = azx + b;y + c3z + d5 to be the coplanar.
Solution:
Let the lines intersect at the point (x4, y4, 2;)

Then (x4, y4,2z,) lies on the planes
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ax+by+cz+d=20
a;x+byy+cz+d, =0
ax +b,y+c,z+d, =0
asx +byy+c3z+d; =0
S ax+by+cz+d =0
ax; +byy+cz+d; =0
a,x; +b,y+c,z+d, =0
azx; +bs3y+c3z+d; =0

Eliminating x,, y;, z; from the above four equation, we get the condition

Example 2:

Prove that the lines
x+1 y+10 z-1 x+3 y+1 z-4
-3 8 2 7 -4 7 1

are coplanar. Find also their point of intersection and the plane through them.

Solution:
+1 +10 -1
Lt—=—"=Z"=¢ (1)
-3 8 2
x+3 +1 z—4
=1 S @

—4 7 1
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(=3r—1,8r—10,2r + 1) - (3)

and (—4r, — 3,7, — 1,1, +4) - (4)
The lines are coplanar if the lines intersect.
I.e., if the three equations
—3r—1=-4r, -3
8r—10="7r, — 1
2r+1=nrn+4
Solving the first two equations, we get r = 2 and r; = 1.
These values satisfy the third equation also.

=~ The lines are coplanar.

Substituting the value of r in (1) or in the value of r; in (2), we get the co-

ordinates of the intersecting point.

The intersecting point is (—7, 6, 5).

The equation of the plane containing the lines is
Xy — X1 Vo — V1 Zp —Z4

l m n
Ly my ny

x+1 y+10 z-1
-3 8 2 |=0
—4 7 1

i.e.,6x+5y—11z4+67=0
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4.4 The shortest distance between two skew lines:

4.4.1. The shortest distance between two given lines.

Let the given lies AB and A’ B’ whose equations are

X=Xy Y—Y1 Z—2Z4 X=Xy Y=Y Z—2
= = and = =
Ly my ny [, m, n,

Let the shortest distance between the lines have direction cosines, [, m, n.
The shortest distance GH is perpendicular to both the lines.
~ Uy +mmg +nny =0

Ill, +mm,+nn, =0

/i, — myny)?

Let the point A be
(xly )’1; Zl); A’(XZ, }’2; ZZ)

GH=projection of AA" on GH= (x;, — x )l + (y, —y,)m+ (z, — z))n

(x; = x )myn, —myny + (v, —yIngly —liny + (2, — z))lym, — I,my

\/{Z(mﬂlz —m,n;)?

Xo—=X1 Y2—=V1 22— Z;
= l my ny
[, m, n,

+ \/{Z(mlnz —m,n,)?

96

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



lines AB and GH; and A’B’ and GH.

Hence GH is the line

X—X1 Y—V1 Z— 2z X=X Y—Y2 Z— 2y
l1 ‘m1 n1 = O = lz mZ 712
[ m n l m n

Cor:
The two lines
X—=X1 Y—V1 Z—2z X=Xy Y=Y Z—2
= = and = =

Ly my ny [, m, n,

4.5 Length of the perpendicular:

Example 1:

Find the shortest distance between the lines
x=3 y—4 z+2 x-1 y+1 z+42
-1 2 1’ 1 3 2

Solution:

Let the directions cosines of the line perpendicular to both the lines be [, m, n.
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Then-1l4+2m+n=20

l+3m+2n=0

l_m_ n

1 3 -5
] 1 3 -5
= m=—,Nn= —
V35 V35 V35

The magnitude of the shortest distance is the projection of the line joining the

points (3,4, —2) and (1,—7,—2) on the line of shortest distance.

1 3 1
SSD= (BNt Ut Dt (242

= V35.

The equation of the shortest distance between them is

x—3 y—4 z+2 x—1 y+7 z+2
-1 2 1 |=0= 1 3 2
1 3 -5 1 3 -5

Simplifying, we get 13x + 4y + 5z —45 =0 = 3x — y — 10.

Another method:
P(3—r,4+2r,—-2+r)and Q(1 +r,—7 + 3r, —2 + 2r,) are the general

co-ordinates of the two points on the two lines respectively. The direction cosines of

PQ are proportional to
2—r—n,11+ 2r —3r,r — 2ny.
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PQ is the shortest distance between

the two lines. Hence it is perpendicular to
both the lines.

CR=-r—-r)ED+A14+2r-3r)R)+(r—2r) =0

QQ-r—-r)()+A1+2r—-3r)3+(r—2r)2=0
i.e.,6r —7r; +20=0
7r — 14, +35=0

AN T‘ = _1,7'1 = 2-

Hence the co-ordinates of P and Q are (4,2,3) and (2,—1,2).

«. The distance PQ = /(4 —3)2 + (2 + 1)2 + (=3 — 2)2
= +/35.
The equation of the line PQ is

x—4 y—2 z+3
1 3 =5

Example 2:
Prove that the shortest distance between the lines

ax+by+cz+d=0=ax+by+cz+d, - (1)

ax+pPy+yc+6=0=a,x+ B,y +vyc+6; - (2)

a b ¢ d

a1 bl Cl dl . r_ ’ 2 1/
a P1 V1 6
where A = bc; — byc, A’ = Bfry = —By1, etc,,
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the equation of any plane passing throug:;h th; iine (1) is
ax +by+cz+d+ k(a;x+by+ciz+d,) =0
i.e.,(a+kay)x+ (b +kb)y+ (c+kc)z+(d+kd,)=0....(3)
The equation of any plane passing through the line (2) is

ax + By +yc+ 8+ ki(a;x + By +yvic+ 8,)

The shortest distance D between lines (1) and (2) is the difference between

perpendicular to the planes (3) and (4) if the planes are parallel. Planes (3) and (4) are

parallel if
a+ka, b + kb, c+kcy
= = = A(say)
a+kia, BH+kip v+kin
a+ka, —Aa — Akja; =0 ....(5)
b+ kb, —AB — Ak, =0 .......(6)
c+kcg,—Ay—Akyy; =0 ... (7)
Also,
D d+ kd,
J{la+ka)? + (b + kb2 + (c + kcy)?)
6+ k6,

@+ ka2t B+ kp)Z+ 0 + k)

~ d + kd,
MW@+ ka)? + (b + kb2 + (¢ + kep)?)
B 85, + ky 8,
\/{(a’ +kia)?+ (B + k)% + (v + kiye)?}

The direction cosines of the line (1) are proportional to
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(bc; — by0), (ca; — cya), (ab; — a,b)
i.e, A , B, C.
This line is parallel to the plane (4).

~Ala+ kia)) + B(B + ki f1) + C(y + kyy) =0

Aa+ Bp +cy
(Aa; + BBy + cyy)

oky =

a,(Aa + B + cy)
(Aay + BB, + cyq)

sat ko= a

= (BC’ _B’C) - (Aal + Bﬂl + Cyl)

Similarly, B + k8, = CA' — C'A + (Aay, + BB, + cyy)
y + klyl == AB, - AIB - (Aal + Bﬂl + Cyl)

Y (BC'— B'C)?

vt ki)’ + B+ ki) + (y +kay)? =

= p*(say)

d+kd, 6+ki5;
D= —
Ap 2

ad+kd,— A —Dp) — k8, =0 .

Eliminating k, —A, —Ak, from (5), (6), (7) and (8) we get

- (Aay + Bp; +cyy)?
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a a a,
b by B 0
cC G Vil
d d, o}
a a;, a a
b b, B B o
o e b by Bi|=0
cC ¢ "N
d d, 6§ 6,
a b ¢ d b
a, by ¢ dy ) “ ‘
oo D = a ﬁ y 6 - I,l, a1 bl Cl
a; B 7
a; B V1 6
a b c
But |a; b, cl‘= a,(bc; — byc) + By(ca, — c;a) + y,(ab; — a,b)
a; B 7
= (Aal + Bp; +CY1)
a b ¢ d
a by ¢ d
~ D= al ﬁl yl 51 + u(Aay + Bf; +cyy)
a; B V1 6
a b ¢ d
a, by ¢ d , ,
=le g 4 o+ EBC-BOY
a; B V1 6
Example 3:

The straight lines

x—a _y-p_z-y x—a_y—p_z-n
l m n my n,
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are cut by a third whose direction cosines are A, u, v. Show that the length intercepted

a—a; B—B1 v—7n Il m n
on the third line is given by l m n |l m n
L my n, A u v

and deduce the length of the shortest distance.
Solution:
The general co-ordinates of points on the two lines are respectively
(a+1lr,B +mr,y + nr) and(a, + L1y, f; + myry, ¥y, + ny1y)

If d is the intercept on the third line and if P, Q are the points of intersection of

the lines on the third line, projection of PQ on the x-axis is
dl= (a+1lr) — (a, + liry)
Similarly, du = (B + mr) — (B; + myry)
dv =~ +nr)—(y; + nyry)
le.,(a—a)+lr—Ulir,—dA=0
B—-pB)+mr—mmr, —du=0
y—y)+nr—mmnr—dv=0

Hence solving these equations considering them as equation containing r, r, and d;,

we get,
r 121
L 1 a—ao 2 a—a; 1
m u B—p p B—p m
v ¥Y—"n V Y¥—r: n
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a—a; I | [ L 2

B—B m m m m; U

y—y;, n n n n, v
a—a; | | I m n
sd=f—B m my|+|[4 m n
Y=n n m A ouowv

This intercept will be the shortest distance if the third line is perpendicular to
both the lines.

~MA+mpu+nv =20

LA+mp+nv=0

A u v 1

"mn,—-myn nly—lLn Im;—lm {3 (mn, — myn)2} /2

I m n
L, m n|=A0(mn, —mmn)+ulnl, — in) +v(m, — l;m)
A u v

_ (mny; —myn)? + (nl; — [ ;n)? + (Imy — ;m)?

{Z(mn, —myn)?2}'/2

= \/Z(mrh —myn)?

a—a;, B—Pp1 v—n
~S.D.= l m n + \/Z(mnl —myn)?
Ly my ny
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45.1. If uy =0 =v; and u, = 0 = v, be two straight lines, then the general
equations of a straight line intersecting them both are u; + A,v; =0 =u, +

A,v4, Where 44, 4, are constants.

The line u; + 4,v; = 0 = u, + A,v, lies in the plane u, + 1,v; = 0 which

again contains the line u; = 0 = v;,.

The two linesu, + 4,v; = 0 =u, + 4,v, and u; = 0 = v, are therefore

coplanar and hence they intersect.

Similarly, the same line intersects the line u, = 0 = v,.

4.5.2. The equations of two skews lines in a simplified form.

Let the shortest distance between two given lines AB and CD meet them at E
and F and be of length 2c. Bisect EF at O and draw A'OB’, C'OD’, parallel

AB, CD respectively. Then take as axes of x and y the interior and exterior bisectors
of the angle A’OD’, the axis of z being the line EF. These three lines are mutually at

right angles.
If the angle between the given lines be 2a, the line 0D’ makes angles

T T
a,;,—a,;

With the axes 0X, 0Y, 0Z so that the direction cosines of CD which is parallel to OD’
are cos a,sin a, 0. Also since 0A" makes angles a,g + a,g with the axes, the

direction cosines of AB are cosa , — sin«, 0.
Also, since EF=2c, the co-ordinates of E, F are (0,0, ¢) and (0,0, —c) respectively.

Thus, the equations to AB, CD are
x Yy zZ—cC

= - = ,l.e.,y=—xtana,z=c
cosa -—sina 0
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and
x Yy _z+tc

= — = ,i.e.,y=xtana,z = —c.
cosa Ssina 0 Y
Note 1:

(r,—rtana, c)and (p, ptana, —c) are the general co-ordinates of points on the

two lines, r and p being any two constants.

Note 2:

Solutions to problems relating to two non-intersecting given straight lines are

often simplified by taking the equations of the line in the simplified form obtained

above.
Note 3:

Putting tan a= m, we can also express the equations of the lines in the forms
y=-mx,z=candy = mx,z = —C.

Hence the general co-ordinates f points on the two lines are respectively

(r,—mr,c) and (p, mp, —c).

Exercises:

1.Find the equation of the straight line joining the points
(1) (2,5,8) and (—1,6,3).

(i) (2,3,7) and (2, =5,8).

(iii) Origin and (5, -2, 3).

106

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



K

E St eypDaI
KKKKK EDGE 1S pOWER

2. Find the equation of the edges of the tetrahedron whose vertices are at
the points (0,0,0), (0,2,0), (3,2,0), (1,1,2).

3. Find the equation of the line passing through the point (3,2, —8) and its
perpendicular to the plane 3x + y + 2z — 2 = 0.

4. Find the equation of the plane passing through the point (3, —2,1) and its
perpendicular to the line 3x — 5y —2z+6 =0;4x+y+3z—7 = 0.

5. Find the equation to the line through the point (2,3,1) parallel to the line
—x+2y+z=5x+y+3z=6.

6.Showthat2x + y+3z—7=0=x—-2y+z—5and4x + 4y — 8z =
0 = 10x — 8y + 7z are at right angles.
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Unit-V:
Equation of a sphere-general equation-section of a sphere by a plane-equation of
the circle- tangent plane- angle of intersection of two spheres- condition for the

orthogonality.

5.1 Equation of a Sphere:
Definition:

A sphere is the locus of a point which moves such that its distance from a fixed

point is always equal to a constant.

The fixed point is called the “centre” of the sphere and the constant distance is

known as “radius” of the sphere.

5.1.1 Centre radius form of a sphere:

The equation of the sphere when the centre and radius are given

Let C (a, b, c) be the centre of the sphere and ‘r’ be the radius of the sphere.
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Let P (x,y,z) be any point on the sphere
By definition CP = r
= CP2 =r?
By the distance formula, CP?=(x-a)?+(y-b)?+(z-c)?
(x-a)*+(y-b)*+(z-c)*=r®

This is the required equation of the sphere with centre C (a, b, ¢) with radius ‘r’.

Corollary:
The equation of the sphere whose centre is the origin and radius ‘a’ is

X% +y? +72=a2,

5.2 General form of equation of the sphere:

The equation x?+y?>+z2+2ux+2vy+2wz+d=0 always represents a sphere and to
To find its centre and radius:
The given equation is

x4+ y*+z24+2ux+2vy+2wz+d =0 (1D
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= (%% + 2ux + u?) + (y? + 2vy + v?) + (2% + 2wz + w?)

=u’+vi+w?—-d
Sx4+u)+@+v)l+@Z+w)l=ut+vi+w?—d

=@ -(CwWP+ G- ()’ + (- (-w)?
= (Wu? +v2 + w2 — d)2

Compare this equation to the sphere equation in general form

x—a)+(@y—-b)32+(z—-c)=r2

a=-u; b=-v;, c=-w; r=\/u2 +v2+w?2—-d
Hence the equation

X2+y2+7242ux+2vy+2wz+d=0 represents a sphere with centre= (—u, —v, —w) &

radius=vu? + v2 + w? — d

Note 1:

o If u+v2+w?> d, thenvu? + v2 + w? — dis real and so the equation (1)

X2+y2+72+2ux+2vy+2wz+d=0 represents a real sphere.

o If U+v2+w?<d, thenvu?2 +v2+ w2 —d isimaginary and so the equation

1)

X2+y?+724+2ux+2vy+2wz+d=0 represents a imaginary sphere.

o If u+v2+w?=d, thenvu2 + v2 + w2 — d=0 and in this case, the sphere (1)

reduces to a point at its centre.
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(i.e.,) the sphere (1) reduces to
x+w?2 + y+v)2+(z+w)2=0
This is called a point sphere and the only real solution of the equation is

X=-uy=-v2=—Ww.

Note 2:

5.2.1 Conditions for a sphere:

The equation of a sphere has the following three characteristics:
(i) It is the second degree in X, Y, z
(ii) The co-efficient of x?, y?, z? are all equal.

(iii) The product terms xy , yz , zw are absent.

Note 3:
The most general equation of the second degree in X, y and z is
ax?+by?+cz2+2fyz+2gzx+2hxy+2ux+2vy+2wz+d=0 ------------------ (*)

This all represent a sphere only if

(i) a=b=c & (ii) f=g=h=0

The equation (*) reduces to
*ax?+ay’+az2+2ux+2vy+2wz+d=0
a(X?+y?+7%) +2ux+2vy+2wz+d=0
= x2+y2+zz+2:ux+ %y+%wz+§:0

u v w

The centre of the sphere = (_Z’_Z’_;)'
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The radius of the sphere= vu? + v2 + w2 — d.

Note 4:

The equation x?+y?+z%+2ux+2vy+2wz+d=0 is said to be the standard form of
the equation of the sphere.

Here the co-efficient of x2, y?, z are all equal and each=1.

This equation contains four independent arbitrary constants u, v, w, d.

Diameter form of a sphere

A4,

Equation of the sphere described on the line joining the points
A (X1, y1, z1) and B (X2, Y2, z2) as diameter.
Let P(x,y,z) bea pointon the sphere described on AB as diameter
Directional ratios of AP=x-X1, y-y1, z-21
Directional ratios of BP=x-x2, y-y», z-2>
The circle passing through the three points A, B, C and P will have AB for its
diameter.

~2P=90°
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(i.e,) AP Lto BP
~aiaz+ biba+ €1c2=0
= (X-X1) (X-X2) + (y-y1) (y-y2) * (z-21) (z-22) = O,
which is the required equation of the sphere.
Hence the equation of a sphere described on the line joining the points
A (X1, y1,21) and B (X2, Y2, Z2) as diameter is
(X-x1) (X-x2) + (y-y1) (y-y2) + (z-21) (z-22) = 0

Length of the tangent from an External point to a sphere

5.2.2 The length of the tangent from the point (x1,y1,z1) to the sphere

X2+y2+72+2ux+2vy+2wz+d=0

Proof:
=
P11, Upz)
Let the given sphere be x>+y?+z2+2ux+2vy+2zw+d=0 ------ (1)

Centre of the sphere, ¢ = (-u, -v, -w)

Radius of the sphere, r=vu? + v2 + w2 — d

(i.e,) CA=Vu? + v2 + w2 — d-------------- 2)

Let P (X, y, z) be any point outside the sphere (1)
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Let PA be the tangent from the poi

n%tP (X1, Y1, 1) to the sphere (1)
ACAP is a right-angle triangle (PA perpendicular to CA)

= PC2=PA2+CA?

= (X1+U)2+(y1+V)?+(z1+W)?=PA2+(u+v>+w?3-d) [by distance formula by (2)]
SX? +2UX1+UPHY?+2VY1+V2 4724+ 2WZ1 WP =P AZ+U+v2+w2-d

= PAZ=x2+y?+7242ux1+2vy1+2wz1+d

= PA=(X?+y?+22+2ux1+2vy1+2wz1+d) Y2,

which is the required length of the tangent from the point (x1,y1,21) to the sphere

X2+y2+724+2ux+2vy+2wz+d=0.

Note:

The value of PAZis called the power of P with respect to the circle.

Corollary 1:
The point (x1, y1, z1) lies outside, on (or) inside the sphere

X2+y2+72+2ux+2vy+2wz+d=0 according as X?+y1+z1+2ux+2vy+2wz+d >=< 0.

Corollary 2:
*If ‘d’ is positive, the origin lies outside the sphere.
*If ‘d’ 1s negative, the origin lies inside the sphere.

* If d=0 lies on the sphere.
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Example 1:

Find the equation of the sphere with the centre (-1, 2, -3) and radius 3 units.

Solution:

Given centre, (a,b,c)=(-1,2,-3)
Radius r=3 units of the sphere.

The equation of the sphere is
(x-a)*+(y-b)*+(z-cy’=r*
(X+1)%+(y-2)%+(z+3)?=32
X2+ 2X+1+y?-4y+4+72+67+9 =9

X2+y2+724+2x-4y+62+5 =0

Example 2:
Find the co-ordinates of the centre and the radius of the sphere
2X24+2y?+272-2x+4y+22-15=0
Solution:

Given the sphere is 2x?+2y?+272-2x+4y+2z2-15=0

x2+y2+22-x+2y+z-§:o -------------- (1)

Compare the sphere (1) to the general form of the sphere
X2+y2+ 724 2Uux+2vy+2wz+d=0,
we get,

2u=-1: 2v=2; 2w=l & d:_Tls

u=-1/2; v=1; w=1/2 &d:_T15
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Centre of the sphere (1) = (-u, -v, -w) = (_?1,-1, !

<)

2

Radius of the sphere (1) =Vu 2 + v2 + w2 —d

2

_ [1+4+1+30
B 4

:\/1+1+E+l
4 4

Il

S

1
w
[
>
=
wn

Hence centre = (% ,-1,%) & radius =3 units.

Example 3:

Find the equation of the sphere which has its centre at the point (6, -1, 2) and touches

the plane 2x-y+2z-2=0

Solution:

> sphere !

» 2X-4+2Z~2=0
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Let the equation of the sphere be
(X-a)%+(y-b)?+(z-C)?=r 2 ==mm-mmmmmmem- (1)
where (a, b, ¢) is the centre of the sphere
r is the radius of the sphere
Given (a, b, ¢)=(6,-1,2)
Now,
To find: the radius ‘r’
Given the sphere (1) touches the plane 2x-y+2z-2=0
The radius of the sphere (1) is the perpendicular distance from the point
C (6, -1, 2) to the plane 2x-y+2z-2=0

W.K.T, the perpendicular distance from the point (x1,y1,z1) to the plane
ax+by+cz+d=0 is

ax+by+cz+d

B )

2(6)—(—1)+2(2)-2

Radius = %( JrCi

)

12+1+2

Vv4+1+4

= +(
15
= (3)
= +5
~Radius r =5

The equation of the sphere is

(x-2)+(y-b)+(z-)’=r
(x-6)+(y+1)>+(z-2)=5"
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X2-12X+36+Yy?+2y+1+72-47+4=25

X2+y2+72-12x+2y-47+16=0

Example 4:

Find the equation of the sphere through the four points (2,3,1), (5,-1,2), (4,3,-1) and
(2,5,3).

Solution:
Let the equation of the sphere be x?+y?+z2+2ux+2vy+2wz+d=0 -------------- (1)
Given that the sphere (1) passes through the four points
2,3,1), (5,-1,2) ,(4,3,-1) and (2,5,3)
These four points satisfy the equation of the sphere (1)

1 = 22+32+124+2u(2)+2v(3)+2w(1)+d=0
52+(-1)2+22+2u(5)+2v(-1)+2w(2)+d=0
42+32+(-1)?+2u(4)+2v(3)+2w(-1)+d=0
22+52+3242u(2)+2v(5)+2w(3)+d=0

= 4+9+1+4u+6v+2w+d=0
25+1+4+10u-2v+4w+d=0
16+9+1+8u+6v-2w+d=0

4+25+9+4u+10v+6wW+d=0

=4u+6v+2w+d+14=0 -------------- (2)
10u-2v+4w+d+30=0 ------------- (3)
8u+6v-2w+d+26=0 -------------- 4
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, P = o ‘

4U+LOV+BW-+(+38=0 —-rememeemee (5)
2= 4u+bv+2w+d+14=0(7)=  u-w+3=0
(3)= 10u-2v+4w+d+30=0(8) =  v+w+6=0

() ) () Q) e

-6u+8v-2w-16=0
3u-4v+w+8=0-------- (6)

9 =  4u-4v+11=0

(2) = A4utbv+2w+d+14=0 (4) x 10 =4u+4v+36=0
(4) = 8u+bv-2w+d+26=0-----------------
() () &) () (-)8u+dr=0
= ¥
----- ) - 8
-4u+4w-12=0 (7) = u-w+3=0
TRVTEE =) N— (7) (5D)-w+3=0
(2) = A4u+bv+2w+d+14=0
W=(-)+3="
(5) = 4u+l0v+6w+d+38=0w=—"
G 6 60 606
-- mmmmmmm oo 8) = v+w+6=0

-4v-4w-24=0

VH)+6=0
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6) = 3u-4v+w+8=0

7 = u -W+3

VWIS | ) S—— (9)

(2) > 4u+6v+2w+d+14=0

= A=) +6(—)+2(—)+d+14=0

-94 75 23 56

=>— - —-—+d+—=0
4 4 4 4
94+75+4+23-56 136
= d= =——=34
4 4
d=34

. —47 -25 —23

Finally, we get, Us—= § V=== W=—= :d=34

(1) =  X2+y>+z2+2ux+2vy+2wz+d=0

XY (XA 2(—2)y+2(—2)2+34=0

47 25 23
= X2+y2'|'Z2 -?X - :y-: Z+34=0

=4(x%+y?+22)-47x-25y-23z+136=0.

120

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



Example 5:

A sphere of constant radius ‘k’ passes through the origin and meets the axes in
A,B,C. Prove that the centroid of the triangle ABC lies on the sphere
9(x2+y*+z%)=4k?

Solution:

Let the required equation of the sphere be x?+y?+z2+2ux+2vy+2wz+d=0 (1)

Centre of the sphere, P=(-u,-v,-w)

Radius of the sphere, r = Vu2 + v2 + w2 — d
Given: The sphere passes through the origin O (0,0,0)
(1) = x2+y?+z24+2ux+2vy+2wz+d=0
0+0+0+0+0+0+d=0
d=0

Also, given the radius of the sphere =k (constant)

J@?+v2+w?2—d) =k
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Vuz +v2+w? =k [d=0]
U2+v2+w? = K2---m--- (2)
A lie on the x-axis y=0 & z=0
(1) >  X2+y?+724+2ux+2vy+2wz+d=0

x2+0+0+2ux+0+0+0=0
X?+2ux=0
X(x+2u) =0
x=0 or x+2u=0
x=0 or x=-2u

X=-2u (x#0)

The point A=(-2u,0,0)Similarly, B and C lies on the y-axis and

z-axis respectively.
B=(0,-2v,0) & C=(0,0,-2w)
Let G(X1,y1,21) Dbe the centroid of a triangle AABC

—2u+0+0  0+(—-2v)+0 0+0+(—2w)

G(xwy1,z1) = ( 3 ) 3 , 3 )
-2u -2v -2w
Coayz)= (=557
_ 2U _—2v_ _—2W
=T Y=737 2773
w3, T3
2 2 2
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substitute the value of u,v,w in equation (2),we get,
(2=  urHvi+w? =k?
-3 -3 -3z
(57 + G+ E)? =K
9x/4 +9y/4 +9z/4 = k?

9(x+y+z) = 4k.

Example 6:

A plane passes through a fixed point (a,b,c) and cuts the axes in A,B,C. Show that the
locus of the centre of the sphere OABC is a/x +b/y +c/z =2

Solution:

Let P(x,y,z) be the centre of the sphere.
Let the equation of the sphere be

x4+ y?+ 722+ 2ux+2vy+2wz+d =0 .....(1)

where, centre of the sphere=(-u,-v,-w) & radius of the sphere = Vu2 + v2 + w2 — d
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A lie on x-axis, y=0 & z=0
(2) = x+0+0-2xx-0-0=0
X-2xX1=0
X(x-2x1) =0
x=0 or Xx=2x1
X=2X1 (x#0)
The point A=(2x1,0,0).
Similarly,
the points B and C lies on the y-axis and z-axis respectively.
B=(0,2y1,0) & C=(0,0,2z1)
(ie) x-intercept=2x1; y-intercept=2y:;& z-intercept=2z;

The equation of the plane passing through A,B,C is

x y Z g
Yo + = 1 (Intercept form) 3)

Given the plane (1) passing through a fixed point (a,b,c)

£_|_£=2

B)> —+
2x 2y | 2z

a/x+bly+cl/z =2

~ The locus of the centre pf the sphere P(x,y,z) is

22y
Xy oz
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The plane section of a sphere is a circle.

tireat Cryele

Small Circle

The curve of intersection of a plane and a sphere is a circle.
Let C be the centre of the sphere whose radius is .
Let P be any point common to the sphere and the plane.
Now, CP = radius of the sphere
Draw CQ perpendicular to the plane X'.
Clearly angle CQP=90°.
From the right-angle triangle CQP, we get,
CQ2+ QP2 = CP2
= QP2= CP2- CQ?
= QP?=r2-CQ?

Since C and Q are fixed points, CQ is a constant.
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From, (1) r and CQ are constant
= QP is constant.

Hence the locus of P is a circle whose centre is Q, where Q is the foot of the

perpendicular from the centre C of the sphere to the plane X'.
Such a circle is called a small circle on the sphere.

Thus, the section of a sphere by any plane is a circle.

Note:
(1) Q is the foot of the perpendicular from the centre of the sphere to the plane.

(2) The section of the sphere by a plane x passing the centre of the sphere is called a

"Great Circle".

(3) The section of the sphere by a plane x' passing through the point Q', the foot of the

perpendicular from the centre of the sphere 'C' to the plane X" is called a small circle.

5.4 Equation of a circle on a sphere:

We know that the section of the sphere is circle

I.e., The curve of intersection of a sphere by a plane is a circle. So, a circle can be
represented by two equations, one being the equation of a sphere and the other is that

of a plane.

Thus, the equations x2+y2+ z2+2ux+2vy+2wz+d=0 and Ix+my+nz=P taken

together represent a circle.
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5.4.1 Equation of a sphere passing through a given circle:

Let the given circle be represented together by the equations of a Spheres and a

plane P, where S= x*+y*+z2+2ux+2vy+2wz+d=0...... (D
and P = Ix+my+nz-p=0 ...... ()
Consider the equation
S+KP = (X2+y2+2+2ux + 2vy+2wz+d) + K(Ix+my+nz-P) =0, ........ 3)

where K is a constant.

For different values of k equation (3) represents a sphere.
Further,

equation (3) is satisfied by the points common to (1) and (2).
Hence,

equation (3) represents a general sphere passing through the circle given by (1)
and (2).

5.4.2 Intersection of Two Spheres:

cireat Circle®

1-Y+22=5

Spheve >
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5.4.3 Intersection of two spheres is a circle.

Let the equations of two spheres be
S1 = X2+y2+72+2U1X+2v1y+2wiz+ d=0...... (1)
So= X2+Y2+72+2UX+2V2y+2Woz+ d=0. ... .. (2)
Consider the equation

S1- S2 =2x(u- u) +2 y(v-vi) +2 z(W - w1) + (di —d2))= 0 ...... 3)

Equation (3) is on equation of the first degree.

Equation (3) represents a plane.
Also, it is satisfied by all points common to the spheres (1) and (2).
Hence,

the curve of intersection of the spheres (1) and (2) is same as the curve of

intersection of any one of them with the plane (3).

I.e., the curve of intersection of the two spheres is a circle.

Example 1:

Find the equation of the sphere having the circle x? + y2 + z2 = 2x + 4y — 6z + 7 =
0,2x —y+2z—5 = 0 foragreat circle.

Solution:
Given x2+y2+72-2x+4y-6z+7=0 and 2x-y+2z-5=0...... (1)
Is a circle
=~ The equation of any sphere containing the given circle is of the form
(X2+y2+72-2x+4y-62+7) + k(2x-y+2z-5) =0

X2+y2+72+2(-1+K) X +(4-k) y+2(-3+k) z+(7-5k) =0
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= u=-1+k; V=5, w=(-3+k), d=7-5k
Centre of a sphere (2) = (-u, -v, -w) =(-(-1+k), -(%(), -(-3+k))

Centre of a sphere (2) = (1-k, k2;4 3-k)

Since the given circle (1) is a great circle, the centre of a great circle coincides with

the centre of the sphere.

Since the centre of a great circle (1) lies in the plane 2x-y+2z-5=0 , the centre of a

sphere (2) lies in the plane 2x-y+z-5=0.
ie., (1-k, ==, 3-k) lies in the plane 2x-4+22-5=0
k—4
= 2(1-k)-4()+2(3-K)-5=0
= 2-2k--+2+6+-2k-5 = 0
55X =0
2
= k=22
9

- (2) = Xey2Hz242 (IA2)XHE (A-D)y+2(-3+2)2+(7-5(5) =0

13
9

= x2+y2+22+§x+%y-%z+ =0

= 9(X+y?2+7?) + 2x+26y-34z+13 =0

Example 2:

Find the equation of the sphere which passes through the circle x2+y2+z2-2x-4y=0,

x+2y+3z=8 and touches the plane 4x+3y=25.
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Solution:
Given The circle is x2+y?+z2-2x-4y=0 and x+2y+3z =8 .....(1)

and the plane is 4x+3y=25...... (2)

The equation of any sphere containing the given circle (1) is of the form
(x2+y2+72-2x-4y) + K(x+2y+3z-8) = 0
X2+y2+72+(-2+K) x+2(-2+k) y+3kz-8k =0 .....(3)

u:_22+k;v= —-2+kw= %k; d= -8k

Centre of a sphere (1), C = (-u, -v,-w)

-2+k

) (-2+K),- )

= ((

ie, C= (59, 2k )

Radius of a sphere equation (1), r = Vu2 + v2 + w2 — d

= [+ 212+ By - -8y

1

" 1
+4+k2—4k+94—k +8k}2

{4+k2—4k

1
_ {4+k?-4k+16+4k?-16k+9k?+32k]}2

2

1
. {14k2+12k+20}5
N 4
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_{7k2+6k+10}5
2

Given the circle (1) touch the plane (2) 4x+3y=25.

= The perpendicular distance from the centre of the sphere to the plane is equal

to the radius of the sphere.

2-k 3k
i.e., Perpendicular distance from (T’ 2-K, ?) to the plane 4x+3y-25=0

= Radius of the sphere.

s <4(2;—")+3(2—k)+0(—¥)—25> _ {7k2+6k+10}§

V42132402 B 2

1
N 2(2-k)+3(2-k)-25 _ {7k2+6k+10}5

V25 2

1
N 4—2k+6-3k—25 _ {7k2+6k+10}5

5 2

1
2

—5k—15 _ {7k2+6k+10}
5 2

1
7k2+6k+10}5

7k2+6k+10}
2

= (k+3)’ = {

= 2(k?+9+6k) = 7k?>+6k+10
= 2k?+18+12k = 7k2+6k+10
= 5k2-6k-8=0

= (5k+4)(k-2)=0
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= k= _?4 or k=2.

When k = _?4

(3) = x+y2+ 22+ (-2+ () xH(2 +(2) y+3(2)z 8( =0

14 28  14_, ,32\_
= XY+ 72 -— X-—y-—7+(7)=0

= X2+ y2+22+§ (-14x-28y-12z+32) =0

= 5(X2+y?+ 7?2)-14x-28y-12z+32=0.

When k=2,
(3) = x2+y2+ 22 + (-2+ 2) x+(-2 +2) y+3(2)z-8(2)=0
= X?+y?+ 72+62-16 = 0
Hence, the required spheres are

X2+y2+ 724+62-16 = 0 and 5(x2+y2+ 72)-14x-28y-12z+32=0.

Example 3:

The plane ABC, whose equation g + % + % = 1, meets the axes in 4, B, C. Find the

equation to the circum circle of the triangle ABC and obtain the co-ordinates of its

centre and radius

Solution:
. X Yy, Z
Given the plane is . + ” + ~ = 1. (1)

Given the plane (1) meets the axes in A, B, C respectively
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~A=(0,0);B=(0,b,0);C=(0,0,c).
Let O = (0, 0, 0) be the origin.
Let the equation of the sphere OABC be x2+y2+z2+2ux+2vy+2wz+ d=0.
Since the points O, A, B and C lies in this sphere, we get,
0=>0+0+0+0+0+0+d=0thend=0
A=+ 0+0+2au+0+0+0=0then2u=""
2Uu=-a

B=0+b%0+0+2bv+0+0=0then 2v=-b
C=>0+0+c?+0+0+2cw+0=0then2w =-c
The equation of the sphere OABC becomes x?+y?+z2+2ux+2vy+2wz+ d=0

X2+y?+z72-ax-by-cz+ d=0 ......... (2)

Let P and r be the centre and radius of the sphere.

b
.-.P:(-u,-v,-w):(%,g,g) and

r=vu?+v2+w?—d
a2 b2 2

:\/— += +< =0
4 4 4

_ [a?+b?+c?
4

Also, the equation of the circumcircle of a triangle ABC is

24\ 2472-9%-hV- - X4 Y 2=
X2+y2+72-ax-by-cz+ d Oanda+b+c 1
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=

Let Q and R be the centre and radius of the

circumcircle (3).

Tofind: Qand R
(1) To find the centre of the circumcircle of equation (3) is (Q)
Clearly,

the centre of the circumcircle is the foot of the perpendicular from
p=(%,2,5) to the plane (1
=(5,3,3) tothe plane (1).

Now,

the equation of the perpendicular line to the plane (1) through the point

= The co-ordinates of any point on this line are of the form (g + %,g + %,% + %)
a A b 1 c A . . -
LetQ = (E + 22 + 032 + ;) (Since Q lies on this line)
Since this point lies on the plane, we get from (1), we get,
X Yy . Z_
O=-++-= 1
1 A 1/(b A 1 A
> (—(3+ 4G+ )+ (54 —)):1
a \2 a b \2 b c \2 c
1 A 1 A 1 A
= E+;+E+b_2+5+c_2_ 1
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>A(Z+5+5
Cc

a? = b2
-1
> A=
2(a"24+b™2+c7?)
a A b A c A

=\zt+ -+ o+ —) becomes,

Q (2 a’2  b'2 ¢
Q= (g 1 b 1 c 1 )

2 2a(a"2+b~2+c~2) ' 2 2b(a=2+b~2+4c72) ’2 2c(a~2+b~24c72)

(a (a™2+b~2+c72)-1/a b (a"2+b"24c"?)-1/b (a‘2+b_2+c_2)—1/c)
2(@2+b72+c72) 7 2(a"?4+b7%2+4c¢72) ' 2(a7?+b72%+c7?)

(a (a™2+b724c¢72)-a"?2 b(a2+b"2+c72)-b"2 ¢ (a‘2+b‘2+c‘2)—c‘2)

B 2(@2+b=2+c72) ' 2(a%2+b%2+c72) ' 2(a"?+b7%+c7?)
o _( a(b™2+c72) b (a=2+c72) c (a+b72) )
“\2(a"2+b2+c72) ’ 2(a"2+b~2+c~2) ' 2 (a~2+b~2+c"2)

Hence the centre of the circumcircle of the triangle AABC is
_ (a/z (b724c¢72)  b/2(b7%2+c72) ¢/2 (b‘2+c_2))

a=2+b=2+c72 ' a72+b"2+c72 ' a72+b"2+4c 72

Q

(i1) To find the radius of the circumcircle (3) is (R)

Let d be the perpendicular distance from the point P = (a/2, b/2, ¢/2) to the plane (1)
xlatylb+zlc=1

- 1. 1 1
a2 p2' 2
3
51
_ 2
=d= 1 1 131/2
(et
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N|R

=d=

1/2
1 1 1
{_2"'_2"'_2}

a b4 c

Also, we have the centre of the sphere (2) is

= a?+b2+ c2
4

W.K.T,
R2 = a’+b*+c* 1
4 1,1 1
4(ztprtz)
_ a’+b%+ c? 1
- 4 b%2c2+ a%c?+ p2a?
4 a2b2c?
_ a’+b%+ c? a’b?c?
4 4 (b2c2+ a?c?+ b%a?)

(a?+b2+ c?) (b%c?+ a%c?+ b%a?)- a?b?c?

4 (b%c?+ a?c?+ b?a?)

(a?+b?) (b%c2+a?b?)+c?(b%c?+ a?c?+ b%a?)- a?b?c?
4 (b2c2+ a?c?+ b%a?)

(a?+b?) (b%c?+a?b?)+(b2c?+ a’c?+ b%a?)- a?b?c?
4 (b2%2c2+ a%c?+ b2a?)

(a?+b?) (b%2c?+a?b?+a%c?)+c*(a?+b?)
4 (b%c?+ a?c?+ b?a?)

(a?+b?) (b%c?+a?b2+a?c?)+c*
4 (b2%2c2+ a?c?+ b2a?)

(a?+b?) (b%(c2+a?)+c?(a?c?)
4 (b2c2+ a?c?+ b%a?)
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(a?+b?) (b%+c?) Ecz+a2))

. R% =
4 (b%c?+ a?c?+ b?a?)
1
R = 1{(a2+b2)(b2+cz)(c2+a2)}2
z — —
2 b2c2+a?c?+a?b?

5.5 Tangent Plane:
Definition:

The straight line joining two points P and Q on a surface is called a chord of the
surface When Q moves along the surface and ultimately coincides with P the limiting

position of PQ touches the surface at P and is called a tangent line of the surface

In the case of sphere with centre C there are many tangent lines at a point P on it,
all of them being perpendicular to the radius (P All these tangents lie on the plane

through P perpendicular to CP. This plane is called the tangent plane of the sphere at P.

e

N\ ) “thord

11°2,) ' X Tangent [tnes
\ at p
" fangent plang
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5.5.1 The equation of the Tangent Plane to a Sphere:

The equation of the tangent plane to a sphere x2+y2+z2+2ux+2vy+2wz+ d=0 at

the point P (X1, y1, 1) iISXX1 +yy1 +zz1+u (X + X)) +v(y+vy1) +w(z+2z1)+d=0
Proof:
Let the given sphere be Sphere x>+y?+z>+2ux+2vy+2wz+ d=0 ...... 1)
& the point P (X1, y1, 1) be any point on this sphere (1).
= the centre of the given sphere (1) isC =(-u, - v, - w)
Since P lies on the sphere,
(1) = x12+y12+z12+2ux1+2vy1+2wzi+d=0 ........ (2)

The tangent plane at P is the plane passes through the point P (X1, y1, z1) and

perpendicular to the radius CP.
©C=(-u,-v,-w)and P (Xu, y1, z1), Directional ratios of CP = x1+u, y1+Vv, Z1+w,

=~ The equation of the tangent plane through the point P (X1, y1, z1) and having CP as

its normal is
(X1 +u) (X-x1) + (Yr+V) (Y-y1) + (z2+w) (z-22) = 0.
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= XX1-X12+UX-U X1+ YY1- y12+~v %v y1+221- 212+wz-wz; = 0.
= XX1+ YY1+ ZZ1+UX+ VY+ WZ-X1%- Yi2- Z1%-U X1 -V Y1-Wwz1 = 0.....(3)
Adding (2) and (3), we get,
XX1+ YY1+ ZZ1+UX+ VY+ WZ-X12- yi2- Z1%4U X1 +V y1+wzi+d= 0.
= XX1+Yyy1+2zz1 + u(X + X1) + v(y + y1) + w(z + z1) +d = 0.
Hence the equation of the tangent plane to the sphere x2+y2+z2+aux+2vy+2wz+ d = 0
at the point P (Xu, y1, 21) IS

XXt +yy1+zzi+u(X+x1)+v(y+y)+w(z+z)+d=0.

Note 1:

Rule for writing down the equation of the tangent plane at the point (X, y1, z1)

to given sphere whose equation is given in standard form is

change x %into xx1, y 2 into yy1, z 2into zz1,
2x into (X + X1), 2y into (y + y1), 2z into (z + z1),

keep the constant term d without any change.

Note 2:

The equation of the tangent plane to the sphere x? + y?+ z2 = a2 at the point

(X1, Y1, Z1) on it is Xx1 + yy1 + zz1 = @2,
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5.6 Angle of intersection of two spheres:

The angle of intersection of two spheres at a common point is the angle

between the tangent planes to them at that point.

Since the angle between two tangent planes at the common point is same as the
angle between their normal at that point, the angle between the two spheres is same as

the angle between the radii of the two spheres at the common point.

Also, we note that the angle of intersection at every common point of the

sphere is the same.

5.6.1 Orthogonal Spheres:

Two spheres are said to cut each other orthogonally if the tangent planes at a

point of intersection are at right angles.

5.7 Condition for the orthogonality:

5.7.1 Condition for the Two Spheres to cut orthogonally:

If two spheres cut orthogonally at P, their radius through P, being perpendicular

to the tangent planes at P, will also be at right angles.
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Consider the two spheres
X2+Y2 4724+ 2UiX+2viy+2wiz+di =0 L.l (1)
& XPHY2+Z242UX+2Voy+2Woz+d2=0 ................. ()
Let these spheres (1) & (2) cut orthogonally at 'P'.
For the sphere (1),

Centre C1 = (-U1,-V1,-W1)

Radius ri=yu? + v2 + w? —d;.............. (3)
For the sphere (2),

Centre C2 = (-U2,-V2,-W2)

Radius = /u? + vZ + w2 —dy....oovnn.... (4)
Since they cut orthogonally at P, 2C1PC>=90°.

=~ From the right-angle triangle EIC1PC;, we get,

CiCo=d =/ (u; —u)? + (v —1,)% + (W — wy)?

(C1C2)%= C1P?+ CoP?

Substitute (3), (4), (5) in (6), we get,

(U = wp)* + (V1= v2)” + (Wi —wp)*= (U5 + 5 +wi —d)+(uz +v; +wg —

d)

= 2U1U2+2V1Vo+2WiwWo=d1+d>
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Hence the condition for two spheres x?+y?+z2+2u1x+2v1y+2wiz+d1 =0 and

X2+Y2+72+2U2X+2V2y+2W2z+d2=0 to cut orthogonally is 2uiUz+2viva+2wiw,=d1+ds.

5.7.2 Find the condition that the plane ax + by + cz + d = 0 may touches the

sphere x2+y2+72 + 2ux +2vy + 2wz+d = 0.

A plane will touch a sphere if the length of the perpendicular from the centre

of the sphere to the plane is equal to the radius of the sphere.

2 % o =
S AHYHZ F2UX+2VY +2WZH =0

I_._

> ax+by+cz+d =0
Length of the

peypendicular from C
to the plane ax+by+cz+d =0

Given the plane equationisax + by + cz+d = 0....... (1)
& the sphere is x>+y*+z*+aux+2vy+2wz+ d=0 ....... 2

Centre of the sphere (2) is (-u, -v, -w)

Radius of the sphere (2) isVu?2 +v2+w2—d =V/4+1+1+3 =4/9=3
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Also,

The length of the perpendicular from the point (—u, —v, —w) to the plane

ax+by+cz+d=0

- 4 (a(—u)+b(—v)+c(—w)+d)
- Ja?+bZrc?

_ —au—-bv—-cw+d

va2+b?+c?

(Take “+’ sign)

Given the length of the perpendicular = Radius of the sphere

—au—bv—cw+d

va2+b?+c?

=Vuz+vZ+w?2-d

= -(au —bv —cw + d) =Va? + b? + c2Vu? +v2 + w? — d

S (au—bv—cw+d)?>=(a*+b*+cH)W? +vi+w?—-d)

Hence the condition that the plane ax + by + cz + d = 0 touches the sphere

X2+y2+72 + 2ux +2vy + 2wz+d =0 is

(au — bv — cw + d)* = (a® + b? + c?)(u* + v? + w? — d).

Example 1:

Show that the plane 2x - y - 2z = 16 touches the sphere x2+y2+22-4x+2y+2z-3=0 and

find the point of contact.

Solution:
Given the planeis 2x -y -2z=16......... (1)
and the sphere is x2+y?+22-4ux+2y+2z-3=0......... (2)
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= The centre of the sphere, C = (-u, -v, -w) = (2,—-1,—1)

and radius of the sphere is Vu2 + v2 + w2 —d =v/4+1+1+3 =v/9=3

\j2+(l?'+ ZQ—LL7+29+&Z-3 =0

/ 7 —j

/ A4z 27
]
L ax-y-az=16

Now,

The length of the perpendicular from C(2,—1,—1) tothe 2x —y —2z—16 =0

— (ax1+by1+czl+d)
- va?+b2+c?

— (a(—u)+b(—v)+c(—w)+d)
-+ Va2 10212

4 () () gy g

V22 H(-1)?+(-2)?
. Length of the perpendicular = Radius of the sphere.

Hence the plane touches the sphere.
Let A (X1, y1, z1) be the point of contact.

Here the point of contact ‘A" is the foot of the perpendicular from the centre C(2,-1,-1)

of the sphere equation (2) on the plane (1).
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Now,

The directional ratios of the normal to the plane (1) = ((2,-1,-2)

= the directional ratios of the line CA = (2,-1,-2) [ Since the line CA parallel to

the normal of the plane equation (1)]

=~ Equation of the line CA passing through the point (2,-1,-1) with the direction

ratio 2,-2,1 is

X~X1 _Y~V1 _ %2721
a b c

x—2 +1 zZ+1

S A AL 3)
2 -1 -2
x—-2 _y+1 1
Let = = =k (sa
> 1 > (say)

=>x=2+2k;y=-1-k, z=-1-2k
Any point on the line (3) is of the form (2 + 2k, - 1 — 1k, - 1 — 2k)
Since A (X1, Y1, z1) lies on the line (3),

A (X, y1,21) = (2+2K -1 - 1K, -1—2K) ......... (4)

Since A (X1, Y1, Z1) lies in the plane (1) 2x-y-2z = 16, also
L>22+2k)-(-1-k)-2(-1-2k) =16
= 4+4k+1+k+2+4k=16
= 9k+7=16
= 9k=9

= k=1
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4)=>AX,y1,21)=(2+2(1),-1-1,-1- 2) = (4, -2, -3).

=~ The point of the contact = (4, -2, -3)

Example 2:

Find the equation of a sphere which touches the sphere x2+y2+z2-6x+2z+1=0 at the

point (2, -2, 1) and passes through the origin.

Solution:
Given the sphere is x2+y2+z2-6x+2z+1=0 ............. (1)
= u=-3; v=0; w=1; d=1.
T
2 = N
7’492+Zf_%3_z*"0 __ _pSphue?
Q’/ \\ ;7 N
’ (2,42, ') ) /
\ \ /
L E e Y oro.om/ £ 7 X
:0
&y
Now,

The tangent plane to the sphere (1) at (2, -2, 1) is

XX1+Yyy1+zzz+u(X+ X)) +v(y+y)+w(z+z)+d=0

=>2X-2y+z-3(x+2)+o(y-2)+1(z+1)+1=0

=2X-2y+z-3x-6+z+1+1=0
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=>-X-2y+2z-4=0
=>X+2y-22+4=0
=~ The required sphere is of the form
(X2+y2+72-6x+2z+1) + k (x + 2y -2z +4) =0 .......... (2)
Given the sphere (2) passes through the origin (0,0,0).
2> (0+0+0-0+0+1)+k(0+0-0+4)=0

= 1+4k =0

=~ The equation of the required sphere (2) becomes
(2) = (X+y2+z2-6x+22+1) + = (X + 2y - 22+ 4) = 0
= 4 (X2+y?4722-6x+2z+1) - (X + 2y -2z +4) =0
= 4 (X2+y2+27?2) - 24x+872+4-X-2y+2z-4 =0
= 4 (x2+y?+7?) - 25x-2y+10z = 0,

which is the required equation of the sphere.

Example 3:

- -b -
Find the condition that the line al l 2=Y0 - ch, where 12+m2+n2 = 1 should touch

the sphere x2+y2+22+2ux+2vy+2wz+ d=0. Show that there are two spheres through the
points (0,0,0), (2a,0,0), (0,2b.0) which touch the above the line and that the distance

1
between their centres is — (c2 — (a? + b2+c?)z
n
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Solution:
— —-b -
Given the line is—— = 2— =2 ....... (1)
l m n
where [2+m?+n2 = 1.
and the sphere is x2+y2+22+2ux+2vy+2wz+ d=0. ........... ()

= Centre of the sphere, C= (-u, -v, -w)

and Radius of the sphere isr=vu? + v2 + w2 — d

Let A be the point of intersection of the line and the sphere.

x—a _y-b _z-c

Let = Kk (say)

l m n
=>x =a+1lk;y=b+ mk;z=c+ nk.
Any point on the line equation (1) is of the form (a + lk, b + mk, c + nk).
Since A liesonthe line (1), A=(a + 1k,b + mk,c + nk).
Since A lies on the sphere (2) also,
(2) = x2+y?+22+2ux+2vy+2wz+ d=0.
= (a+ 1k)2+ (b + mk)2+ (c + nk)2 + 2u (a + 1k) + 2v(b + mk)+2w (c + nk) + d=0
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“W“WM%
= a2+1%k2+ 2alk+b2+m2k2 + 2bmk + c2+n2k2+2cnk+2ua+2ulk + 2vb

+2vmk+2wc+2wnk+d=0
= k2(I2+m2+n2) + 2k (al+bm+cn+ul+vm+wn) + a?+b?+c?+ 2ua+2vb+2wc+d=0.
= k2+2k [I(a+u) + m(b+v) + n(c+w)] + a?+b?+c?+ 2ua+2vb+2wc+d=0.
Here A=1; B = 2[l(a+u) + m(b+v) + n(c+w)]; C= a?+b?+c?+ 2ua+2vb+2wc+d=0.
Given the line touches the sphere (2),
Discriminant, D = B? — 4AC = 0.
= B? = 4AC
=>{2[I(a+u) + m(b+v) + n(C+ w)] }*=4(a>+b>+c?+ 2ua+2vbh+2wc+d) ...... (2)
= [{l (a+u) +m (b+v)+n(c+w)]? = a2 + b?+c2 + 2ua +2vb+2wc+d, ............ 3)
which is the condition that the line equation (1) touches the sphere (2).

Let the equation of the sphere passing through the points (0,0,0), (2a,0,0), (0,2b,0) be

X2+y2+724+2ux+2vy+2wz+ d=0
= 0+0+0+0+0+0+d=0.
= d=0.
= (2a)? +0+0+2u (2a) +0+0+0=0.
= U=-a
= 0+ (2b)2 +0+0+2v (2b)+0+0=0.
= v=-b

The equation of the sphere becomes x?+y?+z2-2ax-2by+2wz+ d=0 ......... (4)
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If this sphere (4) touches the line (1), then it

satisfies condition (3).

~ (3) = [l(a-a) + m(b-b)+n(c+w)]? = a2+b2+c2+2(-a)a+2(-b)b+2wc+0.

= n2 (C+W)?2 = a2+b2+c2-2a2-2b2+2wc
= N2 (CZ+wW2+2wce) = -a2-b2+c2+2wce
= N2c2+n2w?+2wen? + a2+b2- ¢2-2we = 0
= n2w?+2(n%-1)cw + a2+b?- c2+ n%c?>=0 ........... (5)
Clearly it is a quadratic equation in 'w'.
= There are two roots of 'w' satisfying this equation (5).
=~ There are two spheres touching the line (1).
Let the roots of the equation (5) be wi=wo.
I.e., W =Wz 0r W
Now,
Sum of the roots,

-2(n%-1)c
W1 +W2 — —2
n
& Product of the roots,

_a’*+b%*-c*+n?c?
WiWwz2 —

nZ
W.K.T,
In general,

the centre of a sphere = (- u, - v, - w).
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Here u =0, v=-b, w =wzior w»
= The centres of the two spheres touches the line (1) is (a, b, - wi}) & (a, b, - wy)

= Distance between the centres of the two spheres touches the line (1)

:\/(xz —x1)2+ (2 —y1)? + (2, — 71)?

=J/(a = a)? + (b — b)? + (—w, — (—wy))?

(W —w,)?

=/ (w; + w,)2 — 4w, w,

:\/(#)2 B 4’(;,12+b21—l(2:2+n2C2)
:\/(W) _ (4(a2+b2;2C2+n2C2))

1
= %{c2 + (n* + 1 — 2n?) — n%a? — n?b? + n%c? — n*c?}2

:—{c —n?a? —n’b? —n c2}2
2 1
== {c? —n?@ —Db* + I
2 1
Hence the distance between the centers = ;{cz —n?(a? —b% + P}

Exercises:

1.Find the radius and the co-ordinates of the center of each of the following spheres:
(i) x> +y2+2z2—-2x+6y+4z—35=0.
(i) x> +y?+z>—6x—2y—4z—11=0.
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N
(iii) 16x? + 16y? + 16z%> — 16x — 8y — 16z — 55 = 0.

(iv) 2x? + 2y? + 22> +8x—8y — 6z — 1 = 0.
2. Find the equation of the following spheres:
(i) Centre at (1,2,3); radius = 4.
(i) Centre at (—6,—2,3); radius = 5.
(iii) Centre at (_?12 %) radius = 1.
3.Find the equation of the sphere whose center is at (2,3,0) and which passes through
(1,0,2).
4. Find the equation of the sphere through the four points and determine its radius:
() (0,0,0), (a, 0,0), (0,b,0),(0,0,c).
(i) (0,1,3),(1,2,4),(2,3,1),(3,0,2).
5. Obtain the equation of the sphere circumscribing the tetrahedron whose faces are
x=0y=0,z= 0,§+%+§= 1.
6. Show that the spheres x? + y% + z? = 25; x* + y? + z? — 18x — 24y — 40z =
—225 touch and find the co-ordinate of their common point.
7. Find the condition that the plane Ix + my + nz = p should touch the points sphere
x2+y2+z2+2ux+2vy+2wz+d =0
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